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Abstract: In this paper, solutions of boundary value problems characterizing harmonic fields
defined on Riemannian manifolds with boundary and the corresponding inhomogeneous gen-
eralizations will be presented. These problems are related with the static Maxwell equations
if vector fields on three dimensional manifolds are considered. For our potential theoretical
approach, we will prove a generalized fundamental theorem for differential forms on sub-
manifolds with boundary. As it is well-known, the corresponding theorem for vector valued
functions in Euclidean spaces is extensively used for boundary value problems in Electrody-
namics. Dirichlet and Neumann boundary value problems in R* can be solved by means of
Fredholm integral equations which are derived from the fundamental theorem. Furthermore,
harmonic fields play an important role with respect to topological considerations.

AMS-Classification (1991): 31 B 10,31 C 12,35 C 15

1 Introduction

This article offers a new fundamental theorem for differential forms on Riemannian sub-
manifolds with boundary. Our theorem represents a generalization of results shown in [8, 9].
Kress gives there a fundamental theorem for vector fields on R® and skew-symmetric tensor
fields on R". We will prove that r-forms f, defined on submanifolds € and of regularity class
C'*(Q), may be decomposed into

f-Hf =d¢+ 40,
where

b(z) = — / Grorpor(z,9) A #yf (3) + / Grotror(2,9) A48, (4)
an 4]

0(z) := — /f(y) A #yGriirr(, y)+ /dyf(y) A *yGr+l,r+l(I7 ).
an 0
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Here d is the exterior derivative, ¢ is the coderivative, and » denotes the Hodge mapping.
G, is a given double form and H f is a harmonic field. Among other things, these decompo-
sition results provide solutions of important boundary value problems and the accompanying
a priori estimates, as shown in [8, 9, 12] and [3, 4, 5, 13]. We find in (8, 9, 12] recipes to derive
solutions of homogeneous and inhomogeneous Dirichlet and Neumann boundary value prob-
lems for vector fields using the fundamental theorem in R". In [9] this concept is generalized
to skew-symmetric tensor fields.

At first glance, the fundamental theorem presented here seems to be a particular case of
the Hodge-Kodaira-Morrey decomposition (cf. [10]). But this decomposition for differential
forms defined on manifolds with or without boundary will not provide a direct approach to
the usual boundary problems of Electrostatics and Magnetostatics. We have to be aware of
major differences between both decompositions. This can be illustrated for vector fields in
2 C R® for example. In this case, the Hodge-Kodaira-Morrey decomposition is given by a
refined Helmholtz decomposition. The latter one is the direct sum

LP(Q,RS) = {Vf | fe Wl.P(Q)} ® {g c ng(ny Ra) l divg = 0} |1-||n.

As shown in [12), LP(2, R®) can be expressed by the ranges R of projection operators () and
P, ie.

LP(9,R?) = R(Q) + R(P).
If f € C°(Q,R®), we are able to explicitly define these operators by
1 1
— A X H
(Qf)(z): o grad/ Py divy f(y)dy + grad H(z)
Q

and

(Pf)(z) := %curl/ Izi—ylcurlyf(y) dy — grad H(z) ,
h

where H is a solution of a particular Neumann problem. The fundamental theorem for vector
fields g € C'(Q,R®) N C°(), R®) provides the representation

g=—gradU +curl A,

where U is given by the scalar potential

1 1, 19W) 4.
) i=— | —— dy -
U(I) A f[ |z - yl d’l’v!l g(y) Y |z |
and A by the solenoidal vector potential
1 1 { gl(y)
= — —_ dy —
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For vector fields f € C(f2, R®) this implies

1 1 1 1
=——grad | —— di il - _
f(z) 5 9o / P divy f(y)dy + i curl/ P curly f(y) dy
f n

Hence this decomposition generally does not use projection operators in order to define
the relevant subspaces. The representation of the fundamental theorem differs from the
Helmholtz decomposition by an artifical term grad H.

We will generalize results shown in [9, 12] in order to find solutions of boundary value
problems for differential forms defined on Riemannian manifolds with boundary. The cor-
responding boundary value problems include problems which characterize harmonic fields,
i.e. define Neumann fields if the normal components will vanish and define Dirichlet fields if
the tangential components will vanish.

By means of the fundamental theorem it can be shown that the r-form

dﬁamqmn@mwv
an

is a Dirichlet field in € if € is a solution of a homogeneous Fredholm equation which is related
to the Fredholm equations of the scalar Dirichlet and Neumann Laplace problem.

Qur afore mentioned boundary value problems for harmonic fields can be generalized to non-
harmonic field equations as given in [9] for skew-symmetric r-fields on K". Similar problems
on Riemannian manifolds with boundary are presented in [6]. The solution method there
might be considered to be less direct than the following one. Both methods distinctly differ

from each other.

2 Definitions and Preliminaries

DEFINITION 1

a) Forn € N:n > 2, let M = M™ be a compact, oriented n dimensional C*-Riemannian
manifold, let = Q* CC M be an oriented n dimensional C*®-Riemannian submani-
fold with boundary which consists of a finite number of arcwise connected domains with
C™ boundaries and pairwise disjunct closures.

b) Let g be the Riemannian metric, gi; its covariant components and g* its contravariant
components. If f,h are T-forms, where 0 < r < n, then the inner product (f,h) ts
defined by

1 . .

LRy =mH=5 D g

r.. K £
Jrdediede

For 0-forms f and h, we define (f,h) = (h,f):=f-h.
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Let now f be a 1-form, and h be en r-form. For 0 < r < n, the (r — 1)-form
(f, k) is given in local coordinates by

(f,h)y=(h,f): o Z fih), . dz'* A . A dz", where

I2.. 4y

(f Py, E Jeg® b, 1,

k=1

If h is a 0-form, then it is convenient to set for this form
(f,h)=(h, f):=0.

Let f be a differential form, let p = p(z,y) the geodesic distance and let k € R. Then
f(z,y) = O(p*) ezpresses concisely that p~* - f(x,y) is bounded with regard to each
component.

For a linear space L, the symbol L™ denotes the space of r-forms with components in
L. Let (Vi, pi, Wi)kex be the atlas of an n dimensional Riemannian manifold M with

or without boundary, and let (Yr)rex be the corresponding partition of unity. Then we
will write f € L(M) if 3_ wf o ;' € L(R™).
kek

For spaces C** we presume that k € Ny and 0 < A < 1. The ezpressions C**(84)"
and C®(8Q)" are used as abbreviations for C**() (9 and C=(Q) 15q, respectively.

The 1-form v = v(z) denotes the differential form given by components which equal
the components of the exterior normal in x € Q2. For a differential form [ defined on
N, we call (v, f) the normal component of f and v A f the tangential component of
f. Subscripts v or 7 of C**(8)" and C*®(0Q)" mean that (v, f) =0 or vA f =0 for
forms f of the space in question.

The Lebesgue LP-spaces for r-forms defined on 8Q wnll be understood as completion
of smooth forms on Q with regard to ||.||,- Correspondingly LE(OQ)™ and LE(OS)" are
completions of the respective smooth subspaces CZ(OQ)" and CX(0Q).

Let 0 < 7 < n, f € L2(0Q) and g € L2(3N)*'. Then the bilinear form (f,g) is
defined by

(f,9) = / (f(2), (=), 9(2))) duws .

an

According to common notation, d designates the exterior derivative, and é the coderiva-
tive. For f € C'(M)" we set

8f = (1)« (d(xf)) ifr >0,
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anddf =0 r=0.
By « the Hodge mapping is denoted.

Harmonic fields f € C**(Q)", fulfilling (v, f) = 0, will be called Neumann fields
Z(Q) on Q.

Correspondingly, harmonic fields f € C'*(Q)", obeying v A f = 0, are denoted
as Dirichlet fields Y(2)" on Q.

3 The Fundamental Theorem for Differential Forms on
Compact Riemannian Manifolds

The fundamental theorem for vector fields (cf. [8, 12]) is extensively used to solve basic
boundary value problems given in Electrostatics, Magnetostatics as well as Hydrostatics. In
[9], Kress presents a generalization of this fundamental theorem for R"-fields and investigates
solutions of suitable generalized boundary value problems. The following chapters again offer
a generalization, but now with regard to the presupposed manifold.

According to [11], we define:

DEFINITION 2: Let M be an oriented n dimensional C*-Riemanniaen manifold. The map-
ping j(z,y) = j(y,z) € C®(M x M) is presumed to satisfy 0 < j(z,y) < 1. This function
J € C(W) is equal to 1 in a neighbourhood Wy CC W of the diagonal, where W is defined
according to [11, p. 114]. The constant w, designates the (n — 1) dimensional surface area
of the unit sphere in R*, and o(z,y) denotes the double form

1 1 ,
a(z:y) = (1,-,,-(1, y) = F(d:dy _§p2(z: y))) .
By means of this double form, the form w(z,y) = wr(z,y) is defined by

—(n . 2)“) lpn—2(z y) ‘j(I, y) * a(I) y) fOTTL >2

wl‘,f(z’ y) =

o 10 p(z,) (2,3)  alz,) forn=2.

When dealing with the Euclidean manifold R", it is interesting to understand how the
results of Kress, presented in [8, 9], are embedded in the results of our approach. A number
of formulas will be summarized in the following Remarks 1 and 2 for this purpose.
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REMARK 1: On compact subsets U C R*, the double form w,, might then be written as
werly = (Go Z dz' A . AdI @dy' AL AdY),
i< <ir
where Gy denotes the Newton potential function, i.e.

1
- 2
=Dz gz "

GO(Iv y) =

1
ﬂln|z—y| forn=2.

For our approach, it is convenient to define some quantities constituted by the pull back
mapping (¢7')*. We will set ¢, := exp,, where exp, denotes the exponential map. Therefore
we can benefit from properties of exp,, concerning geodesic distances and radial isometry
within a neighbourhood U, of £ € M. The range of exp_ is a subset of the tangential space
T, M, and T, M may be equated to a subset of R".

The fundamental theorem of this paper will provide a representation for differential forms on
compact Riemannian manifolds, which generalizes the fundamental theorem of [8, 9]. The
following result gives a first hint to the proof of our fundamental theorem. As there is a
finite number of linearly independent harmonic forms on a compact Riemannian manifold,
the equation
Ap=p

is not solvable for arbitrary data B € C*. This is a major difference compared with the
general solvability on the manifold R".

LEMMA 1: Let0<r <n.
a) There ezist operators G and H, constituted by kernels G(z,y) and H(z,y), satisfying

(1) AGp=¢— Ho foreach ¢ € C°(M)".

Moreover, the range of G is orthogonal to the harmonic forms, and the double forms
G(2,Y)lzzy and H(z,y) are elements of C*.

b) When 1 < p < o0, k € Ny and ¢ € LP(M)", then appropriate eztensions of these
operators exist and equation (1) is valid for the extensions G and H as well. Here G¢
is part of W2P(M)™ and H¢ consists of those elements of I?{M)" whick are harmonic
r-forms in the sense of distributions. Furthermore,

G € LW (M), WH+22(M)T) and H € L(WH2(M)", WP (M)").

¢) Ifk € Ny and ¢ € CE*( M), where 0 < A < 1, then
G € L(C*A M), CH*?A(M)") and H € L(CE (M), CEAM)T).
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Proof: Part a) of the assertion is proven in [11]. For the proof of b) and c¢), a transformation by
exp, is helpful. Then one can refer to the well-known estimates for the Newtonian potential
and for estimates of weakly singular kernels. In detail, we use the representation

(2) G(z,y) = w(z,y) + W(z,v),

where w is given in Definition 2. The kernel W (z,y) of this representation is continous for
z # y. For 2 < n < 4 this kernel is even everywhere continous. Moreover, there exist a subset
U containing z and y, such that W (z,y)|y possesses singularities of type

O(r*"(z,y)) ifn>4

(3) W(I: y)|U = {
O(r~¢(z,y)), foralle >0 ifn=4.

By transformation of the differential forms w(z,y) and W(z,y), we obtain components
+@o(p, q) and £Wy(p,q). Such kernels are extensively treated in [2] with regard to LP-
estimates. As the according C**-estimates for this type of integral operators are also well-
known, the assertions b) and c) are proven.

o

Corresponding results are valid for O-forms and for n-forms. The relevant kernels Gy and
Hg o are defined in [1].

The range Hf for forms f € L*(M)", 0 < r < n, is a subset of W!?(M)". This can be
shown by formulas presented in [11, chapter 26] for example.

For some of the subsequent considerations, we will extend forms f which are originally
defined on sets  CC M to f € L2(M)", where fip = f and fiz = 0.

Our first main task now is to prove the fundamental theorem presented in

THEOREM 1: Fundamental Theorem

Let f € C'(Q)", where 0 < r < n. Then the decomposition

(4) f—(Hf)ia=d¢+80,

constituted by derivations of the differential forms

#(z) = — [ Grorpi(z,y) A% L@+ [ G-z, 9) A *y0y fr(y)
/ 0+

and

0(1") = /fr(y) A *yGr+l,r+l(z; y) + /dvfr(y) A *yGr+l,r+l(z) y) »
an Q

is valid.
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Moreover, the latter forms have the properties:
§¢ =0 and df =0,
i.e. ¢ is coclosed and @ is closed.

The form f is the above mentioned eztension.

Proof. We can conclude from Lemma 1 that

(3) d8(G. f) + 8d(G,f) = DG, f) = (1 - H) f)ia

for f € C'(Q)". The equations connecting double forms of different orders given by
(6) _JIG',T(I’ y) = dyGr—l,r-l(Iy y)

and

(7) der-l,r~l(Ir y) = —6!,G,-_,-(1', 1/)

are taken from {11, p. 134]. By means of the formula

(8) dg A xh = d(g A «h) — g A xdh
for forms g = g,_, € C'(2)*~' and h = h, € C'(Q)*, the following equations are derived:

©) dyGror 1 (T.9) Ay fr(y) =
= dy(Gr—l,r—l(Ia y) A *yfr(y)) - Gr—l,r—l (.’L', y) A *y‘syfr(y) s

where g,_, = G,_1,_, with z fixed, and h, = f,, as well as

(10) 0yGrit 1 (T, 9) A xyfr(y) =

= dy(fr(y) A *yGr+l,r+l(1'y y)) - dy.fr(y) A *yGr+1,r+l(-737 y) y

where A,y = Gyy1,41, With = fixed, and g, = f,. The Laplace equation (5) decomposes
forms in an appropriate manner. Now, the first component ¢ will be of interest. By use of
(6), (9) and Stokes theorem, we obtain

(11) _Jx(Grf)(I) = /dyGr—l,r—l(z: y) A *yfr(y) =
1]

= /Gr—l,r—l(zv y) A *yfr(y) - /Gr—l,r—l(z)y) A *yayfr(y) = —-¢(I),
an Q

where d¢ = 0. The equation for the second component # will be proven in the same way. For
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this, we use (7), (10) and Stokes theorem to get

(12) ~d,(G,f)(z) = / 5,Grerpi(2,8) A wefs(y) =
4]

= /fr(y) A *yGr+l,r+l(Iv y) - /dyfr(y) A *yGr+l,r+l(I7 y) = —9(1‘) H
an 1]

where df = 0.
0O

As the only harmonic form on the simply connected manifold M is the null form, we state
that H f = 0 for such manifolds.

Now, the local representation of our decomposition result and the announced decomposition
result for Euclidean manifolds can be deduced.

REMARK 2: Let (.,.), be the pointwise Riemannian inner product for r-forms as given in
Definition 1, and let 0 < 1 < n. In order to derive local representations of the results (11)
and (12), the following fomula

(13) (f: (o h)) = (aAf,h),

for r-forms f, (r + 1)-forms h and 1-forms a will be taken into account. By ezpressing the
forms ¢ and 8 locally, we obtain

B(z) = - / (Grorpr(,9), (4, ) ())y oy + / (Grorr1(2 1),y () iy
an 1]

and
0(z) = - /(Gr+l,r+l(1'xy)w (v A £)(y))y duwy + /(G,.,_l',.“(z,y),dyf,(y))y dy,
an h
where dy := dV,.
Moreover, we obtain the convenient result

(14) *(a, f) = (-1)"""anx*f

from equation (13).

The fundamental theorem for R*-differential forms, where n > 2, is given in [9].

As stated in the fundamental theorem, the potential ¢ is coclosed. We will generalize ¢ to a
coclosed form £. This will be useful to solve important boundary value problems.
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LEMMA 2: Let0 <r < n, g =g,y € CY(Q) "}, where g =0, and f = f, € C'*(6N)".
For the differential form £, defined by

(15) £(z) = - / Grorper(2,4) Ay fo(y) +
M

/Gr—l,r-l(z> y) A *ygr——l(y) H where z € Q,
Q
the equation 66 = 0 is valid if and only if

(16) (v, f)+ (v,9) =0 ondN.

Proof The property £ € C%*(Q))"! is shown by means of exp, and regularity results for the
Euclidean case. Furthermore, the coderived form d¢ can be expressed as follows

(17) 5¢(z) = - / 8:G, -1y r(z,9) Ay fo(y) +
an

/JIGr_l,r_n(m, Y) Axygr1(y), wherez € Q.
Q

Since §;Gy_1,-1(z,y) = 0 for 7 = 1, we can now assume that r > 1. The boundary integral
occuring in (17) will be transformed by means of (7), the property

(18) dyGro2,r-2(2,y) A *yfr(y) =

= dy(Gr—z,r—2($1 y) A *yfr(y)) + Gr—-?,r—Z(Iy y) A *y‘syfr(y) s
and
(19) 6(V7f)=_('/76f)'

Equation (19) can be inferred by using admissable boundary coordinate systems as defined
in [10, p. 300]). We obtain

(20) / 5:Grrs1(2,9) A%y foy) = — / Grozp-2(z, ¥) A 4B, fi(y) =
N 1]

= [(Gr-apmala ), 8,0 10D
a0
As 6g vanishes, equation (7) delivers

(21) 8:Gr-1,r-1(Z,¥) A %y gr_1(y) = —dy(Gro2,-2(2,9) A #ygr1(y)) -
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Therefore we conclude

(22) 66(2) == /(Gr—2,r—2(17 y),Jy(u, fr)(y) + (v, gr—l)(y))v d“’y .
an

Referring to the well-known jump properties for derivatives of single layer potentials, we
state that 8(v, f)(y) + (v, 9)(y) =0if 86 = 0.

u]

Differential forms like the presented form £ are useful to find solutions for some boundary
value problems (cf. [8, 9, 12]). Equation

6w, Ny) + (1 9)(y) =0

is one of the integrability conditions.

4 Harmonic Fields on Compact Riemannian Manifolds

This section shall investigate Dirichlet and Neumann fields. In order to achieve this, we
generalize the integral equations given in [9].

DEFINITION 3: Let 0 < r < n. The integral operator K,_, is defined by
Kf—l = Kk,,\,r—l : C,',‘"‘(@Q)'—l _— R(Kk,,\,r—l)y
(Kr-16)(@) i= =2 [ (1), (d:Gretr1(2,8), c)y) sy
on
We are able to show a number of important properties of K,_, using local charts.
REMARK 3: For the Euclidean manifold R®, the operator K,_, can be represented by
(Ken19)(2) 1= ~2 [ (4(2), @eGola, ) A 1) oy
m

For n > 2, the operator K,_; corresponds with the one of {4, 5, 9].

Now, we are interested in the regularity of K,_,¢ and in properties of the adjoint as well as
the Riesz number of K,_,.
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LEMMA 3: The operator Ki -1, where 0 < r < n, belongs to
L(CEA o)™, CE ) ).

Proof: After transformation by means of exp,, the properties of the relevant kernels in R",
endowed with Euclidean metric, have to be considered. Then we proceed as in the proof
of Lemma 1. Furthermore, we refer to results of [3, 4, 5]. Although the case n = 2 is not
explicitly included there, it is not difficult to adapt the proofs appropriately.

(m}

The exterior derivative of the single layer potential is discontinuous in the normal vector’s
direction. This will be shown in the following Lemma.

LEMMA 4: LetO<r<n, fEC"(Q) or f € Co'*(ﬁ)', respectively, and ¢ = —(v, f). For
the differential form u, defined by

(@) = (@) = [ Grosms@0) A1) = = [(Grmsps @), ) day,
an an
the relation

duz(z) = /d,G,_l,r_l(z, y)Ax fly) F %(u AW, f))(z), wherez € O0Y,
8

”

is valid. The upper index ”"—" relates to interior epprozimations and the lower one "+" to

exterior approrimations.

Proof: We set p; := exp;' z; and ¢ := exp] 'y, as we may confine ourselves to points in the
neighbourhood of z. In the proof of Lemma I, the decomposition

(23) G(z,y) = w(z,y) + W(z,y)
was used, where w shows ”Newton-type” singularities, and W possesses weaker ones.

After transformation by means of exp, W (z, y) is mapped to a double form which components
are +W;(p, q)- Since Wy(p, g) will not affect the regarded properties, we will proceed with
calculations for w(z,y).

Then the well-known equation

(24) 6.-3}_!{;/00(17(,4)5(4) dwg =
a9

1., ..
= 1im 0y [ an(pu a)2(a) e = 55 0)0)
a0

for the differential form ¢ is taken into account. Here p* and v* denote Euclidean components
of p or v, respectively. The upper sign ”+” is used for an interior approximation and the
lower one " —" for an exterior approximation.
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Finally the equations (2) and (24) yield

(25) dlim [(Gr_1,-1(m1,9), €(q))q dwg =

Pi—p
N

. = . 1, .
= imd [ (Grosrms(p,), )y g % 50 A 8)(p).

an
By means of this equation, the assertion is confirmed.

0

For boundary value problems of this and the next chapter the following constraint will be
important:

(w) =Y forall e N(I-K[)),

where K[, denotes the adjoint of K,_, with regard to the bilinear form (.,.) given in
Definition 1. Now, we will show that the index

ny =max{n € NIN(I - K,_\)" ' #N(I - K,_)"™"}

is equal to 1. Thus the mentioned constraint can be fulfilled.

LEMMA 3: The Riesz number of the operator K,_,, 0 < r < n, equals 1.

Proof. We will generalize the approach of [9]. Let ¢¥ € C%*(8Q) !, where i = 0,1, be
solutions of

(26) (I - K,_))e® =0, (I—K,_ 1)V =9,
We set ) =: —(v, f®), where f() € C®*(8Q)".
Let furthermore

(27) 9(z) = / (Gro1r-1(2,4), €(y)) dusy =
an

- / Grorper(z,8) A+fO(W), T € M\ID.
n

According to equations (26), the forms ) are elements of C**(9Q)™" for arbitrary k € No.
Therefore the forms £® belong to C**12 ().

The case r = 1 provides 0-forms () and 0-forms £(). This implies that 6£(!) vanishes.
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For the non-trivial cases r > 1, we use property (6) to show

(28) 860 (z) = —/J:Gf-l,r-l(zy WAy =
an

= [aGrarale ) A1) = [ Goayala) A4610).
an n
The differential forms ¢®) are harmonic forms in M\8%2, as can be proven by elementary
methods.
We obtain from Lemma { and (28)

(29) vASdEW — v A btV =0
By this Lemma, a further jump property is given:

(30) de® ~deD =y A,
Equation (26) delivers

(31) 2v,d6”) = —K,_1€® + 1,y Ae®) = (I — K,_)e® = 0.

We conclude from property A¢® = 0 that dédé(® vanishes in M\ Equation (31) then
delivers 6d¢®; = 0 and d€©®)5 = 0. Therefore (30) implies

(32) —de D =de® —de® =y A0,
By means of the property
(33) 200, del) = (I = K = €
and (32), we infer that
(34) 2w, deV) + (v, de®) = 0.
The results d6d€(") = 0, (34) and (29) are taken into account in order to state
(35) [ ode, 50y o = = [ 60, 5u®) .
a h]

Referring to the analogous equation to (29), formulated for £, (32) and dé, = 0, we
summarize that

(36) VA d{(") =0, —(v, d{“”) =¢® and v A8dt® =0.

The form 6d£© | vanishes, as the boundary value v A 6d£'® vanishes. By means of (35), we
thus obtain 6d£(")j; = 0. Moreover, the first equation of (36) entails that the form dé(®q is
a Dirichlet field.
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As u® equals u!”, we obtain from (34):

(37) 2((v, de), €0) + (v, d€), ) = 0.

This equation, §d¢®), = 0 and dé®);, = 0 together imply that d£©@|, = 0. Finally the
second equation of (36) shows that €® vanishes.

m]
In order to use results from Fredholm theory, we are interested in properties of the adjoint
of the operator K,_,.
DEFINITION 4: Let 0 < r < n. The integral operator L, is defined by

Loyt = Lepgqr Ci"'\(aﬂ)'+l — R(Liar+1)s

(Ersan)(@) = =2 [ (2) A (BuGrvrers(2,3),7(5))) oy
an

The operator L,,, for the Euclidean manifold R®, n > 2, [4, 5, 9]. Now, we will show that
this particular representation can be derived from our general definition.

REMARK 4: For the Euclidean manifold R®, the operator L., may be represented by

(Lyar)(z) = -2 / (v(z) A (dGo(z, ), 7)) di, -
mn

We will notice that application of L improves regularity, in accordance to the regularity
results for the operator K. This can be proven in the same manner as above.

LEMMA 6: The operator Ly »,41, where 0 < 1 < n, belongs to
[:(Cf"‘(aﬂ)'“,CL‘“’*(BQ)'“).

With regard to the bilinear form of Definition 1 c), the operator — L, is the adjoint of our

previously defined operator K., i.e. K} = —L,,. Each operator L equals a composition of

a operator K and Hodge operators. This offers the possibility to express Neumann problems
for r-forms as Dirichlet problems for (n — r)-forms, where 0 < r < n.

LEMMA 7: Let 0 < r < n. The operator —L.,, € L(L2(8Q)™*+, L2(8Q)™+") is the adjoint
of K, € C(L2(8Q)T, L2(O52)7) with regard to the bilinear form (.,.) given in Definition 1 c).

Proof. Let u,v be 1-forms and f be an /-form, where 0 < ! < n. Then

(38) flu,v)=uA (@, f)+(w,uAf).
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The differential forms ¢ and ~ are chosen according to ¢ € L2(9Q)" and ~ € L2(392)"*'. For
the relevant term (K e,,~,.(). we may write

(39) <Kr€r.-ﬁ’r~l> =

N =

// A G (2. 9). er (1)) (2)) dhy i

an N

Decomposition (38) delivers the representation

(40) v(z) A (v(z). (d:Grp(z. y). €:(y)) =
= (d:Grp(2.9). €:(y)) — (V(x), v(2) A (de G (2, ), €:()) -
It is required that v A ~ = (. Hence

(41) ;(K €r, Y r+l // d Grr (z, y) fr(y)) "/r+l )) du-rydu./;r

30 a0
We derive from equation (7) and (38)

(42) %(1{rfr: “ra l> =
= //(V(!/)/\Er(y)='/(y)/\ (6yGrot (T, y). Ve (1)) dwydic, .
30 o9

As stated in [11, p. 133], the kernel G, ,.(z,y) is symmetric. Therefore $(K,c;,7.1)
equals

(43) [ nert@) ([ @) AG.Grsrs (81,21 () i) =
a0 an
= _i(fr: LeiiYrr) -
a
One of the constraints of the mentioned problem might be characterized as a topological
one, since it is directly related to homological properties. This constraint Y; = (¢, ;) can be

formulated as follows:

We will find Neumann fields ; € Z(€2)"~' fulfilling
=v Az foreachv, e N(I - K_)).

On the other hand, ¢ is given as € = —(v,y), where y € Y(Q2)". Referring to (13) and the
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decomposition (38), we can write

},i = (67’71') =
= [(e,(v,m))dw=— [(y,vAZ)dw.
/ /

The following result can be derived by means of the commutation rule *G = Gx given in
11, p. 134].

LEMMA 8: Let 0 < r < n. The operator *L,_(_,) equals K,_,*.

Now, we deal with the announced harmonic fields. Since each (n — r)-Neumann field can be
mapped to an r-Dirichlet field, we may confine ourselves to Dirichlet fields.

THEQOREM 2: We presuppose that 0 < r < n. The form f € C' Q)" is extended by zero to
the form f € LA(M)".

a) Let the differential form f € C**(Q)" be a Dirichlet field, where Hf = 0. Then
€= _(Vi f)
is a solution of the homogeneous equation

(44) (I-K,_))e=0.

b) If € is a solution of this equation, then the r-form

(43) 1@) = 1) =4 [ (Grotrs@ ) s )y iy

an

is a C*Q)"-form on Q, and a Dirichlet field on Q, where the values k € N and
0 < X < 1 are arbitrary. Moreover, f has the properties

(46) - f)=¢
and
(47) Hf=0 on M.

Proof Kress's arguments presented in [9] and Theorem 1 will be used.

a) For the presupposed Dirichlet field f we thus conclude that

(48) f(z) = fr(z) = (ﬁr—l(z) , TE€ Q,
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where the potential £, is given by

(49) £r(z) = - / Grorrr(2,9) A wyfy(y) =
an

= /(Gr—l,r—l(x’ y)v e(y))!l d“-’v .

mn

Therefore the assertion (44) is proven by means of Lemma 4.

b) The regularity result ¢ € C**(8€)~! is inferred from the homogeneous integral equation
and the regularity for the operator K,_,, cf. Lemma 3. According to the assumption (45) we
can write

(50) f(I) = fr(z) = d{r—l(z) ’

where

£roi(2) = / (Gt (2, 3), €(8))y oy
an

As ¢ belongs to C**(8Q)""!, the differential form £ is in C*+'*(8Q)"~!. Furthermore, an
r-form f' € C**(8Q)" exists which fulfils —(v, f') = .

Since £,_; is a harmonic form in M\0Q, the equation

(51) 6f = bde = —do¢

is valid in M\3}. As already used above, we write the index ”—" for the interior approxima-
tions and the index ”+" for the exterior ones. Conclusions from Lemma 4 and the presumed
integral equation are

(52) (v, f4)=0
and
(53) f+—f_=l//\6.

For the coderived form &€, the equation
(54) 6£r—l(1') = _fazGr—l,r-—l(zv y) A *!Ifrl(y)
an

is given. Since this form vanishes for r = 1, we may now confine ourselves to 2 < r < n.
Analogously to (28) the form §¢,_, can be suitably written such that

(55) 56,1 (2) = / Grorr2(2: ) A 4y f1(3).
an
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Then the representation of dé¢, Lemma 4 and equation (51) yield

(56) VASf, —vASf.=0.
Finally the assertion is proven using the well-known arguments of [9].

a

REMARK 5: Let 0 < r < n and let B, = B,(1) be the Betti number of order r with regard
to the set .

a) The preceding Theorem 2 can be formulated for Neumann fields as well. This can be
shown by means of the Hodge mapping *.

b) There ezist a unique Dirichlet field on Q2 which satisfies
(57) - / (WvAF)du=Y;, forall 5e Z(@Q) ",
an

i=1,..,B,_,.
This is a consequence of Theorem 2 and the issue to follow.

¢) Lemma 5 shows that there is a uniquely defined solution € of N(I — K,_,) which fulfils
(58) (6, 71') =Y; ’ fOT all 7% € N(I - Kj—l) 1i = 1, ---1Bn—r .

As stated in (7], the number of linear independent Dirichlet (Neumann) r-fields on (2, where
0 < r < n, is equal to the Betti number B,_, = B,_.(Q) (B, = B,()). Generalizing the
results of [9], we have shown that

(59) dimN(I - Kr-l) = Bn—r(Q)
and
(60) dmN(I = Ly11) = B ().

Furthermore, Alexander’s duality theorem points out the relationship of Betti numbers for
Q and €.
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5 Dirichlet and Neumann Boundary Problems

Our main result of this chapter is stated in Theorem 3. There the boundary value problem is
connected with a Fredholm problem for differential forms defined on the boundary 3. The
concerning boundary problem, called Dirichlet Problem, will be presented in the subsequent
section.

DEFINITION 5: Dirichlet Problem

LetO < r < n, he CYQ, g e CHAQ) ! and v € CLA(BQ) . Moreover, {3:}i=1, .8,._.
is a basis of Z(Q)"! and Y; are real numbers. Then a solution f € C**(Q)" of the Dirichlet
problem has to fulfil the local equations
(61) df =h and 6f =g inQd

—vAf=v ondQ

and the topological constraint

(62) -/(f,u/\z,-)a;:n, i=1,..,Baor.
an

Evidently there exist integrability conditions of this boundary value problem. Later we will
realize that the below listed necessary conditions are sufficient ones.

LEMMA 9: Integrability Conditions for the Dirichlet Problem

Let 0 < 7 < n and let the assumptions of Definition 5 be fulfilled. Then the necessary
conditions (63)-(67) are given as follows: We presuppose that

(63) dh=0 mmQ
and
(64) dg=0 inQ.

Both forms h and g, eztended by zero to L?(M)-forms, are required to be elements of
HLL2(M)®, where s equals 7 + 1 or r — 1, respectively. These eztended forms are called
h and g again.

Moreover, ‘we presuppose that

(65) dy—vAh=0 ond,

(66) [ (h,y) dz + / (r,9)dw=0 for ally € P(Q)*,

2] n
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and

(67) /(g,y) dr=0 forallye Y(Q) .

0
Forr =1, the conditions (64) and (67) are redundant, for r = n— 1 the conditions (63) and
(65) can be omitted.

THEOREM 3: We assume that 0 < 7 < n, h € CY*Q)*', g € C'"*Q)" and
v € CEM Q). The form f € C'M(Q)" is extended by zero to the form f € L2(M)".

a) Let f € C* Q)" be a solution of the Dirichlet problem which satisfies Hf = 0. Then
€(z) := —(v, f)(x) is a solution of the inhomogeneous integral equation

(68) (1 - Kr—l)e = lu(hT 9. "l') * where
u(h, 9,7)(z) = —2 (v(2), d / Grorpr(2,3) A yoi(9) +
(¢}

6[/ he i (Y) A %yGrsr pia(z,9) + /(Gr+l,r+l(zv Y), Ye41(¥))y dwyl) ,
Q an

forz € 0Q,
and the topological constraint
(69) (&, vAZY=Y; i=1,..,B.,,
is fulfilled.
b) Vice versa, if € is a solution of the integral problem (68) and (69), and the integrability

conditions of Lemma 9 are satisfied, then
(70) fr=df+4C,
where

6(1‘) = /(Gr—l,r—l(z, y), 6r—l(y))y dwy + /Gr—l,r—l(zy y) A *ygr—l(y)

an ]

and

((z) = /(Gr+l,r+1(zy ), Tr+1(y))y dwy + /hr+l(y) AxGryyei(2, ¥),

n Q

is the uniquely determined C'*(Q)"-solution of the Dirichlet problem on Q. Addition-
ally, the solution f shows the property Hf =0 on M.
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Proof. Essential parts of the proof are similar to the corresponding ones in [9] and [4]. On
the other hand, some arguments differ. Therefore we will also repeat some known context.
Since part a) of the assertion is a consequence of Theorem ! and Lemma 4, it merely remains
to prove part b) of the equivalence.

The components of the differential forms £ and ¢ belong to C?*() or C’"‘((:I), respectively.
As the extended forms h and g are elements of H+L?(M)*, where s equals r + 1 or r — 1,
this implies

(71) AE=0 and AC=0 in

(72) Nf=g and AC=h inQ.

By means of equations (71) and (72) we derive convenient expressions:
(73) 8f = —db¢ in

(74) 6f =g—dé€ inQ.

Lemma 2 and integrability condition (65) entail that d¢ = 0 in Q as well as in . The
differential form df thus equals A{. Then equations (71) and (72) show that

(75) df =0 nQ and df=h inQ.

Lemma {4 delivers

(76) dé, —dé_=vAe and 86, —80_ = (v,v) ondQ.
This can be summarized as jump property for f:

(77 fe—f-=vAe+(v,7) ondq.

Thus integral equation (68) implies that (v, f,) vanishes.

Arguing as for the proof of Lemma 2, we obtain

(78) 6(z) = /(Gr—2.r—2(1,y):‘syfr—l(y) = (v, 9r-1)(¥))y dwy .

on
Therefore the form v A dd€ is continuous at 9f2.

The form fig is an element of Z(Q)', which can be derived from d§f, = 0, (v, f+) = 0 and
the first equation of (75). Moreover, we obtain that

(19) [ty =0 for ity e vy,
an
by virtue of (65) and (77). The form f thus vanishes in .

According to (64) and (74) we infer that 6dé€iq = 0. As f|; vanishes, the form dé¢, vanishes
too. We have stated in (29) that v A dS€ is continuous at 9. This implies that vAdd§_ = 0.
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Therefore db€|;, is an element of Y(Q)""!, and we conclude, by means of the integrability
condition (67):

(80) (dd€,dé€)dz = — | (do6€,8f)de=— [ (vAdSE_, f)dw=0.
/ [ewsnse-]
Hence the form 8¢ vanishes on Q.

The properties f|z = 0 and (77) entail that

(81) —vAf_-=vand - (v, f-)=¢€.

Finally we have to show that the inhomogeneous integral equation (68) is solvable. This is
the case if

(82) (1, %) =0 forally; € N(I - K}

is valid for g = p(h, g, 7). The elements of N(I— K} |) can be expressed as differential forms
v A %;, where (%) is the basis of Neumann (r-1)-fields on . Then some calculation delivers

(83) (M, '71') = (/-”a 2!) dl.d =
/
=2 [ (6d | Grore-1(Z,¥) A %y9r-1(y), Zi(z)) dz =
o
=-2[(db Gr-l,r_l(I, YA *ygr—l(y)1 %(z)) dz =
o

=2 [(6 [ Grotma(o9) A nygra(4), (4 ) (@) d = 0,
an 1]

where we have used that Hg|;, vanishes.

Therefore the according Fredholm equation possesses a solution, and the solution is unique
according to Remark 5.

O

The dual boundary value problem, denoted as Neumann Problem, can be derived from the
Dirichlet Problem by using the Hodge mapping.
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