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Abstract: In this paper, solutions of boundary value problems characterizing harmonic fields 
defined on Riemannian manifolds with boundary and the corresponding inhomogeneous gen-
eralizations will be presented. These problems are related with the static Maxwell equations 
if vector fields on three dimensional manifolds are considered. For our potential theoretical 
approach, we will prove a generalized fundamental theorem for differential forms on sub-
manifolds with boundary. As it is well-known, the corresponding theorem for vector valued 
functions in Euclidean spaces is extensively used for boundary value problems in Electrody-
namics. Dirichlet and Neumann boundary value problems in R" can be solved by means of 
Fredholm integral equations which are derived from the fundamental theorem. Furthermore, 
harmonic fields play an important role with respect to topological considerations. 

AMS-Classification (1991): 31 Β 10, 31 C 12, 35 C 15 

1 Introduction 
This article offers a new fundamental theorem for differential forms on Riemannian sub-
manifolds with boundary. Our theorem represents a generalization of results shown in [8, 9]. 
Kress gives there a fundamental theorem for vector fields on R3 and skew-symmetric tensor 
fields on R". We will prove that r-forms / , defined on submanifolds Ω and of regularity class 
0 ' · λ(Ω), may be decomposed into 

f - Hf = άφ + δθ, 

where 

φ(χ) : = - / G r - l , r - l ( x , i / ) A * ! , / ( f ) + j G r - l , r - \ (x ,y) A *vSyf(y) 
an η 

θ(χ) := - J f(y) Λ *yGT+l¡T+i(x,y) + Jdyf{y) Λ *yGr+i,r+i(x,y). 
an η 
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104 Jürgen Bolik 

Here d is the exterior derivative, δ is the coderivative, and * denotes the Hodge mapping. 
Gr,r is a given double form and H f is a harmonic field. Among other things, these decompo-
sition results provide solutions of important boundary value problems and the accompanying 
a priori estimates, as shown in [8, 9, 12] and [3, 4, 5, 13]. We find in [8, 9, 12] recipes to derive 
solutions of homogeneous and inhomogeneous Dirichlet and Neumann boundary value prob-
lems for vector fields using the fundamentad theorem in R". In [9] this concept is generalized 
to skew-symmetric tensor fields. 

At first glance, the fundamental theorem presented here seems to be a particular case of 
the Hodge-Kodaira-Morrey decomposition (cf. [10]). But this decomposition for differential 
forms defined on manifolds with or without boundary will not provide a direct approach to 
the usual boundary problems of Electrostatics and Magnetostatics. We have to be aware of 
major differences between both decompositions. This can be illustrated for vector fields in 
Ω C R3 for example. In this case, the Hodge-Kodaira-Morrey decomposition is given by a 
refined Helmholtz decomposition. The latter one is the direct sum 

L"(Q, R3) = {V/ I / £ W1 , p(n)} Θ { β £ θ ° ( Ω , Η 3 ) | ώ ΐ ; < 7 = 0}ΙΙΙΙρ . 

As shown in [12], L?{Sl, R3) can be expressed by the ranges R of projection operators Q and 
P, i.e. 

Lp(n, R3) =n{Q) + n{P). 

If / 6 ^ ( Ω , Κ 3 ) , we are able to explicitly define these operators by 

1 [ 1 
(Q/)(z) := - — grad J divy f(y) dy + grad H{x) 

η and 
1 Γ 1 

(Pf)(x) - —curl / -curly f{y)dy- grad H{ χ), 
4π J \x - y I 

η 

where Η is a solution of a particular Neumann problem. The fundamental theorem for vector 
fields g € C ' ^ . R 3 ) Π C ^ f y R 3 ) provides the representation 

g = —grad U + curl A, 

where U is given by the scalar potential 

η dn 
and A by the solenoidal vector potential 

η an 
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Boundary value problems for differential forms on compact Riemannian manifolds 105 

For vector fields / e ( ^ ( Ω , Κ 3 ) this implies 

/ ( l ) = ~ ¿ g r a d I dlVy f { y ) d y + h m r l I —î—ι curly f ( y ) dy. 
χ - y\ η η 

Hence this decomposition generally does not use projection operators in order to define 
the relevant subspaces. The representation of the fundamental theorem differs from the 
Helmholtz decomposition by an artifical term grad Η. 

We will generalize results shown in [9, 12] in order to find solutions of boundary value 
problems for differential forms defined on Riemannian manifolds with boundary. The cor-
responding boundary value problems include problems which characterize harmonic fields, 
i.e. define Neumann fields if the normal components will vanish and define Dirichlet fields if 
the tangential components will vanish. 

By means of the fundamental theorem it can be shown that the r-form 

is a Dirichlet field in Ω if ε is a solution of a homogeneous FYedholm equation which is related 
to the FYedholm equations of the scalar Dirichlet and Neumann Laplace problem. 

Our afore mentioned boundary value problems for harmonic fields can be generalized to non-
harmonic field equations as given in [9] for skew-symmetric r-fields on R". Similar problems 
on Riemannian manifolds with boundary are presented in [6]. The solution method there 
might be considered to be less direct than the following one. Both methods distinctly differ 
from each other. 

2 Definitions and Preliminaries 

DEFINITION 1 

a) For η 6 Ν : η > 2, let M = Mn be a compact, oriented η dimensional C°° -Riemannian 
manifold, let Ω = Ω" CC M be an oriented η dimensional C°°-Riemannian submani-
fold with boundary which consists of a finite number of arcwise connected domains with 
C00 boundaries and pairwise disjunct closures. 

b) Let g be the Riemannian metric, g¡j its covariant components and gtj its contravariant 
components. If f , h are r-forms, where 0 < r < n, then the inner product ( / , h) is 

an 

defined by 

( f , h ) = (h,f)-.= ± Σ 
il—¿Γ,ΙΙ—ΙΓ 

'<1·<Γ • 

For O-forms f and h, we define ( / , h) = (h, / ) : = / · h. 
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1 0 6 Jürgen Bolik 

Let now f be a 1-form, and h be an r-form. For 0 < r < n, the (r - 1 )-form 
( / , h) is given in local coordinates by 

(f,h) = (h,f ) : = Ì £ ( / , / > ) „ . . , Λ ... Λ dx1', where 
' h-lr 

η 
(f,h)h...lr := Σ fk9Uhu,...ir· 

k,l=l 

If h is a 0-form, then it is convenient to set for this form 

(f,h) = (h,f) :=0. 

c) Let f be a differential form, let ρ = p(x,y) the geodesic distance and let k e R. Then 
f(x,y) = 0(p*) expresses concisely that p~k • f(x,y) is bounded with regard to each 
component. 
For a linear space L, the symbol LT denotes the space of r-forms with components in 
L. Let {Vk,<pk,Wk)keK be the atlas of an η dimensional Riemannian manifold M with 
or without boundary, and let {ipk)kçK be the corresponding partition of unity. Then we 
will write f e L(M) if £ ipkf ο ψ e L(R"). 

kZK 

For spaces Ck,x we presume that k 6 N0 and 0 < λ < 1. The expressions Ck'x(dii)T 

and Coc(9n)r are used as abbreviations for CM(fi)r|,9n and C°°(Ù)T\diì, respectively. 

The 1-form υ - u(x) denotes the differential form given by components which equal 
the components of the exterior normal in χ € dû. For a differential form f defined on 
9Ω, we call (u, f ) the normal component of f and ν A f the tangential component of 
f . Subscripts ν or τ of Ck'x(dQ)T and C^idiiy mean that (i/, / ) = 0 or w Λ / = 0 for 
forms f of the space in question. 

The Lebesgue W-spaces for r-forms defined on dQ will be understood as completion 
of smooth forms on Ω with regard to ||.||p. Correspondingly Ζ £ ( 9 Ω ) Γ and LPr(dQ)r are 
completions of the respective smooth subspaces C^(dQ)r and C^°(dfi)r. 

Let 0 < r < n, f e Ll{dQ)T and g e L2T{dQ)T+l. Then the bilinear form (f,g> is 
defined by 

(fi 9) := /(/(*)>(*),»(*))) A*· 
an 

According to common notation, d designates the exterior derivative, and δ the coderiva-
tive. For f e C'(M)r we set 

àf •= (-l)(r+1)n » (d{*f)) ifr > 0, 
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Boundary value problems for differential forms on compact Riemannian manifolds 107 

and <5/ = 0 if r = 0. 

By * the Hodge mapping is denoted. 

Harmonic fields f 6 C" ,A (Ü) r , fulfilling (v, f ) = 0, will be called Neumann fields 

Ζ(Ω)Τ on Ω. 

Correspondingly, harmonic fields f € £71,λ(Ω)Γ, obeying υ Λ / = 0, are denoted 

as Dirichlet fields 3>(Ω)Γ on Ω. 

3 The Fundamental Theorem for Differential Forms on 
Compact Riemannian Manifolds 

The fundamental theorem for vector fields (cf. [8, 12]) is extensively used to solve basic 
boundary value problems given in Electrostatics, Magnetostatics as well as Hydrostatics. In 
[9], Kress presents a generalization of this fundamental theorem for R"-fields and investigates 
solutions of suitable generalized boundary value problems. The following chapters again offer 
a generalization, but now with regard to the presupposed manifold. 

According to [11], we define: 

DEFINITION 2: Let M. be an oriented η dimensional C°°-Riemannian manifold. The map-

ping j(x,y) = j{y,x) € C°°(Ai χ Λ Ί ) is presumed to satisfy 0 < j(x,y) < 1. This function 

j e C?(W) is equal to 1 in a neighbourhood W0 CC W of the diagonal, where W is defined 

according to [11, p. 114]· The constant ωη designates the (η — 1) dimensional surface area 

of the unit sphere in R", and a(x,y) denotes the double form 

By means of this double form, the form ω(χ, y) = ωΓιΓ(χ, y) is defined by 

UrAX> y): 

•j(x,y)-a(x,y) forn>2 

for η = 2. 

When dealing with the Euclidean manifold R", it is interesting to understand how the 
results of Kress, presented in [8, 9], are embedded in the results of our approach. A number 
of formulas will be summarized in the following Remarks 1 and 2 for this purpose. 
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108 Jürgen Boìik 

REMARK 1: On compact subsets U C R", the double form ωΓιΓ might then be written as 

ωΓ,Γ\u = (G0 Σ άχί' Λ · · Λ άχί' ® dy" Λ - Λ dVir)'u ' 
¿l<...<ír 

where Go denotes the Newton potential function, i.e. 

1 

G0(x,y) = 
(η - 2)ωη\χ -

for η > 2 

for η = 2 . 
¿ir 

For our approach, it is convenient to define some quantities constituted by the pull back 
mapping (ψχ

1)'· We will set φχ := expx, where expx denotes the exponential map. Therefore 
we can benefit from properties of exp i ; concerning geodesic distances and radial isometry 
within a neighbourhood Ux of χ 6 M. The range of expx is a subset of the tangential space 
TXM, and TXM may be equated to a subset of R". 

The fundamental theorem of this paper will provide a representation for differential forms on 
compact Riemannian manifolds, which generalizes the fundamental theorem of [8, 9]. The 
following result gives a first hint to the proof of our fundamental theorem. As there is a 
finite number of linearly independent harmonic forms on a compact Riemannian manifold, 
the equation 

Αμ = β 

is not solvable for arbitrary data β 6 C°°. This is a major difference compared with the 
general solvability on the manifold R". 

LEMMA 1: Let 0 < r < n. 

a) There exist operators G and H, constituted by kernels G(x,y) and H(x,y), satisfying 

(1) AG</> = <j> — Η φ for each, φ € C°°(M)T. 

Moreover, the range of G is orthogonal to the harmonic forms, and the double forms 
G(x,y)\XJÍy and H(x,y) are elements of C 

b) When l < p < o o , JfceNo and φ € Ι/(Μ)τ, then appropriate extensions of these 
operators exist and equation (1) is valid for the extensions G and H as well. Here G φ 
is part ofW2'v(M)T and Η φ consists of those elements ofU'(MY which are harmonic 
r-forms in the sense of distributions. Furthermore, 

G € C(Wk-"{M)T, Wk+2'"(M)r) and H e C(Wk-"(Mr, Wk*{M)r). 

c) I f k € No and φ e Ck-x(M)r, where 0 < λ < 1, then 

G e C(Ck>\M)T,CM'\M)r) and H € C{Ck-\M)T, Ck<\M)T). 
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Boundary value problems for differential forms on compact Riemannian manifolds 109 

Proof: Part a) of the assertion is proven in [11]. For the proof of b) and c), a transformation by 
expx is helpful. Then one can refer to the well-known estimates for the Newtonian potential 
and for estimates of weakly singular kernels. In detail, we use the representation 

(2) G(x,y) = uj(x,y) + W(x,y), 

where ω is given in Definition 2. The kernel W(x, y) of this representation is continous for 
χ φ y. For 2 < η < 4 this kernel is even everywhere continous. Moreover, there exist a subset 
U containing χ and y, such that W(x, y)\v possesses singularities of type 

Γ 0(r*~n(x, y)) if η > 4 
(3) W(x,y)\u=l 

{ 0(r~e(x, y)), for all ε > 0 if η = 4. 

By transformation of the differential forms u(x,y) and W(x,y), we obtain components 
±ώ0(ρ, q) and ±W0(p,q). Such kernels are extensively treated in [2] with regard to V-
estimates. As the according Cfc,A-estimates for this type of integral operators are also well-
known, the assertions b) and c) are proven. 

Corresponding results are valid for O-forms and for η-forms. The relevant kernels Go,o and 
i/o,o are defined in [1]. 

The range Hf for forms / e L2(M)r, 0 < r < n, is a subset of Wl¿{M)T. This can be 
shown by formulas presented in [11, chapter 26] for example. 

For some of the subsequent considerations, we will extend forms / which axe originally 
defined on sets fiCCMto/€ L2(M)T, where / | n = / and / | ή = 0. 

Our first main task now is to prove the fundamental theorem presented in 

THEOREM 1: Fundamental Theorem 

Let f e C' (Ù)T, where 0 < r < n. Then the decomposition 

(4) / - ( Η / ) \ η = άφ + δθ, 

constituted by derivations of the differential forms 

φ(χ) : = - J G r - i t T - i ( x , y ) A *yfT(y) + JGr_lir_i(x,j/) A *vSvfT(y) 
an η 

and 
(x,y)+ / dyfr(y) A *yGr+i,r+i(x, y), 

an η 
is valid. 
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Moreover, the latter forms have the properties: 

δφ = 0 and άθ = 0 , 

i. e. φ is coclosed and θ is closed. 

The form, f is the above mentioned extension. 

Proof: We can conclude from Lemma 1 that 

(5) dS(Grf) + Sd(Grf) = A(Grf) = ((1 - H)f)|n 

for / e C (Ùy. The equations connecting double forms of different orders given by 

(6) -6xGr,r{x, y) = dyGr-lf-lix, y) 

and 

(7) ¿xG>-l,r-l(x,í/) = -¿yCr . r í l , y) 

are taken from [11, p. 134]. By means of the formula 

(8) dg A *h — d(g Λ *h) — g Λ *Sh 

for forms g = gp-¡ 6 6'1(Ω)Ρ"1 and h = hp€ C"(Q)P, the following equations are derived: 

(9) dj ,G r_u r_i(x.y)A *yfr{y) = 

= ¿»(G'r-i.p-iix.y) Λ *yfr(y)) - Gr-i,r-i (χ, y) A *ySyfr{y), 

where gT_l = G r_ι ι Γ_ι, with χ fixed, and h r = / r , as well as 

(10) SyGT+iiT+i(x,y) Λ *yfr{y) = 

= dy(ÎÀy) Λ * sG r + i , r+ 1 (x , y)) - dyfr{y) Λ * y G r + 1 , r + i (χ, y), 

where ΛΓ+1 = G r + l > r + j , with χ fixed, and gT = / r . The Laplace equation (5) decomposes 
forms in an appropriate manner. Now, the first component φ will be of interest. By use of 
(6), (9) and Stokes theorem, we obtain 

(11) -Sx(Grf)(x) = Jd,Gr_,,_,(*,») A *yfr(y) = 
il 

= JGT-ltT-l(x,y)A*yfr(y) - JGr_iir_i(x, y) Λ *y6yfT{y) = —φ{χ), 
an η 

where δφ = 0. The equation for the second component θ will be proven in the same way. For 
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Boundary value problems for differential forms on compact Riemannian manifolds 1 1 1 

this, we use (7), (10) and Stokes theorem to get 

(12) -dz(Gr/)(x) = J 6yGr+if+i(x, y) Λ *yfr(y) = 

η 

= J fr(y) Λ * yG r + i , r + i ( i , î/ ) - J dyfriy) Λ *yGT+l¡T+l(x,y) = - θ ( χ ) , 

an 

where άθ = 0. 

As the only harmonic form on the simply connected manifold M is the null form, we state 
that Hf = 0 for such manifolds. 

Now, the local representation of our decomposition result and the announced decomposition 
result for Euclidean manifolds can be deduced. 

REMARK 2: Let (.,.), be the pointwise Riemannian inner product for r-forms as given in 

Definition 1, and let 0 < τ < η. In order to derive local representations of the results (11) 

and (12), the following fomula 

(13) ( f , (α, Λ)) = (οΛ/,/ i ) , 

for r-forms f, (r + 1)-forms h and 1-forms a will be taken into account. By expressing the 

forms φ and θ locally, we obtain 

Φ(χ) = - J ( G r - i , r - i ( x , y ) , {v,f)(y))ydMy + J ( G r _ , , r _ , ( z , y ) , S J r ( y ) ) 9 d y 

an η 

and 

θ ( χ ) = - J (GT+iir+i(x,y), {ν Λ f)(y))ydus + J (G r + i , r +1 ( i ,y) ,</y/ r (y) ) ,dy, 

an η 

where dy := dVy. 

Moreover, we obtain the convenient result 

(14) * (α ,/ ) = ( - ΐ Γ 1 α Λ * / 

from equation (IS). 

The fundamental theorem for R"-differential forms, where η > 2, is given in [9]. 

As stated in the fundamental theorem, the potential φ is coclosed. We will generalize φ to a 
coclosed form ξ. This will be useful to solve important boundary value problems. 
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LEMMA 2: Let 0 < r < n, g = gT_x e C ^ ñ ) * " ' , where Sg = 0, and f = fr e 6"'λ((9Ω)Γ . 
For the differential form ξ, defined by 

(15) ξ(χ) : = - jGr_1>r_, ( i , y) Λ *yfr{y) + 

an 

J G r _ i i r _ i ( x , j / ) Λ *v9r-i(y), where χ eil, 
η 

the equation δξ = 0 is valid if and only if 

(16) <S(i/, / ) + (i/, 9) = O on <9Ω. 

Proof. The property ξ e C2,x(Ù)r~~l is shown by means of exp^. and regularity results for the 
Euclidean case. Furthermore, the coderived form δξ can be expressed as follows 

(17) ÎÇ(x) = - J SxGr-i,-¿x, y) Λ *Jr(y) + 
an 

J 6xGr-l¡r_¡(x,y) Λ *ygr-t{y), w h e r e x 6 í i . 

Ω 

Since ó x G r - i ¡ r - i ( x , y) = 0 for r = 1, we can now assume that r > 1. The boundary integral 
occuring in (17) will be transformed by means of (7), the property 

(18) (¿¡,Gr_2,r-2(z, y) A *yfr(y) = 

= dy(Gr-2,r-2{x,y) a *yfr{y)) + Gr^r^{x,y) Λ *s6yfr(y), 

and 

(19) 6{u,f) = -(u,6f). 

Equation (19) can be inferred by using admissable boundary coordinate systems as defined 
in [10, p. 300]. We obtain 

(20) J i x G P _ l i r _ , ( x , y) Λ *yfr(y) = - JGr_2,r_2(x, y) Λ *y6y fr(y) = 

an an 

= J ( G r _ 2 , r - 2 ( s , y), ày{v, fr)(y))y . 

an 

As 6g vanishes, equation (7) delivers 

(21) ¿xG r_L,r-l(x,y) Λ *y9r-\{y) = -dy(GT-2,r-2(x,y) A *¡,Sr-l(!/)) · 
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Boundary value problems for differential forms on compact Riemannian manifolds 1 1 3 

Therefore we conclude 

(22) όξ(χ) = - J (GT-2,r-2(x,y),Sy(u,fr)(y) + (u, gr^)(y))ydwy . 
an 

Referring to the well-known jump properties for derivatives of single layer potentials, we 
state that <5(i/,/)(y) + [u,g){y) = 0 if δξ = 0. 

• 

Differential forms like the presented form ξ are useful to find solutions for some boundary 
value problems (cf. [8, 9, 12]). Equation 

/ ) ( ! / )+(" ,s) ( î / ) = 0 

is one of the integrability conditions. 

4 Harmonic Fields on Compact Riemannian Manifolds 

This section shall investigate Dirichlet and Neumann fields. In order to achieve this, we 
generalize the integrili equations given in [9]. 

DEFINITION 3: LetO<r<n. The integral operator ÄV-i is defined by 

KT_i = ΑΓμ,γ-. : C^x{dQ)T~l K(KkXr.,), 

{Kr^e)(x) := - 2 J{u{x), (dxGr.ltT.^x, y),e(y))y) άων. 
an 

We are able to show a number of important properties of Λ"Γ_ι using local charts. 

REMARK 3: For the Euclidean manifold R", the operator Kr_¡ can be represented by 

(ATr_l£)(x) := - 2 J(v(x),(dxGQ(x,y)Ae(y)))dDy. 
an 

For η >2, the operator corresponds with the one of [4, 5, 9]. 

Now, we are interested in the regularity of Kr~it and in properties of the adjoint as well as 
the Riesz number of ΛΤΓ_ι-
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1 14 J ü r g e n B o J i k 

LEMMA 3: T h e o p e r a t o r 1, w h e r e 0 < r < n , b e l o n g s t o 

c i c y i d n y - ^ c ^ i d n y - ' ) . 

P r o o f : After transformation by means of expT, the properties of the relevant kernels in R". 
endowed with Euclidean metric, have to be considered. Then we proceed as in the proof 
of L e m m a 1. Furthermore, we refer to results of [3, 4, 5]. Although the case η = 2 is not 
explicitly included there, it is not difficult to adapt the proofs appropriately. 

• 

The exterior derivative of the single layer potential is discontinuous in the normal vector's 
direction. This will be shown in the following Lemma. 

LEMMA 4: L e t O < r < n , f € C° A (ñ ) r
 o r f e C 0 'A (ñ) r , r e s p e c t i v e l y , a n d e = - { ν , J ) . F o r 

t h e d i f f e r e n t i a l f o r m u , d e f i n e d b y 

u ( x ) = u r_i(x) := J G r - i , r - i ( x , y ) Λ *y f ( y ) = - J(Gr_i,r_i(x, y ) , t { y ) ) d u j y , 

a n a n 

t h e r e l a t i o n 

d u T { x ) = J d x G r - i > r - i ( x , y) Λ *yf{y) Τ ^ ( f Λ ( ν , f ) ) ( x ) , w h e r e χ € d û , 

a n 

i s v a l i d . T h e u p p e r i n d e x "— " r e l a t e s t o i n t e r i o r a p p r o x i m a t i o n s a n d t h e l o w e r o n e " + " t o 

e x t e r i o r a p p r o x i m a t i o n s . 

P r o o f : We set pi := exp~1
 x ¡ and q : = exp~' y , as we may confine ourselves to points in the 

neighbourhood of x. In the proof of L e m m a 1 , the decomposition 

( 2 3 ) G ( x , y ) = u j ( x , y ) + W ( x , y ) 

was used, where ω shows "Newton-type" singularities, and W possesses weaker ones. 

After transformation by means of exp, W(x, y) is mapped to a double form which components 
are ±Wo(p, q ) . Since W 0 ( p , q ) will not affect the regarded properties, we will proceed with 
calculations for u ( x , y ) . 

Then the well-known equation 

( 2 4 ) d p i l i m / ù i 0 ( p , , q ) i ( q ) d u q = 

an 

= l i m d p · Í ù a ( p l , q ) è ( q ) d u j l ì ± l
r ì i > ' ( p ) ( ( p ) 

PI-+P J ¿ 

a n 

for the differential form è is taken into account. Here p' and v l denote Euclidean components 
of ρ or i/, respectively. The upper sign " + " is used for an interior approximation and the 
lower one "— " for an exterior approximation. 
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Boundary value problems for differential forms on compact Riemannian manifolds 115 

Finally the equations (2) and (24) yield 

(25) d lim {Gr-Ur-,(pl,q),i(q))gdu}<l = 
pi-*p J 

an 

= lim d i (Gr-i,r-i(pi> g), ê(q))g duiq ± ]-(v Λ è) (ρ). 
Pl->P J ¿ 

an 

By means of this equation, the assertion is confirmed. 

• 
For boundary value problems of this and the next chapter the following constraint will be 
important: 

(e, 7.) = Vi for all y, 6 Μ{I - ATr+_,), 

where denotes the adjoint of Kr_\ with regard to the bilinear form (.,.) given in 
Definition 1. Now, we will show that the index 

πι := max{n 6 Ν|Λ/*(/ — K r ^ l ) n ~ l φ N { I - K r_CT~1} 

is equal to 1. Thus the mentioned constraint can be fulfilled. 

LEMMA 5: The Riesz number of the operator Ä"r_i, 0 < r < n, equals 1. 

Proof. We will generalize the approach of [9]. Let e(i) £ σ£'λ(9Ω)Γ-1, where i = 0,1, be 
solutions of 

(26) ( / - tfr_,)€(0) = 0 , ( / - Är_1)€< ,) = et0>. 

We set e« = : - ( f , / W ) , where f ® 6 σ°'λ(9Ω)Γ. 

Let furthermore 

(27) ξΜ(χ) := J(Gr-i,r-i(x, y), e{i)(y)) dwy = 
an 

= - J Gr.l,r.l(x,y)A*f^(y), χ <E M\dQ. 
an 

According to equations (26), the forms e(i) are elements of Ck'x{dQ)r~[ for arbitrary k e N0. 
Therefore the forms fW belong to C k + l ^(Ü) T - 1 . 

The case r = 1 provides 0-forms e(1) and 0-forms ξ (1). This implies that vanishes. 
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For the non-trivial cases r > 1, we use property (6) to show 

(28) ¿£ (1)(x) = - J óiGr-^-fay) Λ *fl»{y) = 
an 

= J d ï G r . 2 , r _ 2 ( i ,y)A*/ r <"(y) = J GT.2^2(x,y)A*Sf^(y). 
an an 

The differential forms ξare harmonic forms in M\dSl, as can be proven by elementary 
methods. 

We obtain from Lemma 4 and (28) 

(29) ν Λ δάξ^ - ν Λ δάξ^ = 0 . 

By this Lemma, a further jump property is given: 

(30) d¿ 0 ) - άξί0) = «, Λ e<°>. 

Equation (26) delivers 

(31) 2 ( M d 0 ) ) = + = (/ - A;. ,)« ' 0 1 = 0. 

We conclude from property Δξ ( 0 ) = 0 that άδάξ^ vanishes in ΛΊ\όΩ. Equation (31) then 
delivers ád£(0)lñ = 0 and = 0. Therefore (30) implies 

(32) -d( i 0 ) = - dé 0 ) = " Λ e'°>. 

By means of the property 

(33) 2 M d l ) ) = ( ' - * r - i ) e ( 1 ) = € ( 0 ) 

and (32), we infer that 

(34) 2(u, ') + {ν, d£Í°') = 0 . 

The results άδάξ^ = 0, (34) and (29) are taken into account in order to state 

(35) J(δάξ^,δάξΜ) dx = -\j(δάξ^,δάξ^) dx. 

ή η 

Referring to the analogous equation to (29), formulated for ξ ( 0 ) , (32) and d£(0)lñ = 0, we 
summarize that 

(36) ν Λ άξ^ = 0 , - ( i / , dé 0 ' ) = í ( 0 ) and ν Λ δάξ{°] = 0 . 

The form <5d£(0)|n vanishes, as the boundary value ν Λ <$d£Í0) vanishes. By means of (35), we 
thus obtain <5d£(1)|ft = 0. Moreover, the first equation of (36) entails that the form d£(0)in is 
a Dirichlet field. 
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As u m equals we obtain from (34): 

(37) 2 ( K ^ ) , í i ° ' ) + ( K ^ ) , é 0 ) ) = 0. 

This equation, <5d£(0)|n = 0 and d£<°>|ñ = 0 together imply that = 0. Finally the 
second equation of (36) shows that €(0) vanishes. 

• 

In order to use results from FYedholm theory, we are interested in properties of the adjoint 
of the operator Kr_1. 

DEFINITION 4: Let 0 < τ < η. The integral operator Lr+l is defined by 

Lr+1 = LM , r + 1 : £7*,λ(0Ω)Γ+1 —• tt(LM,r+1), 

(L r + i 7 ) ( i ) := - 2 J{ι>(χ)Λ{δχβτ+ι,τ+ι{χ,ν),Ί(ν))υ)(1ων. 
an 

The operator L r+1 for the Euclidean manifold R", η > 2, [4, 5, 9]. Now, we will show that 
this particular representation can be derived from our general definition. 

REMARK 4: For the Euclidean manifold R", the operator Lr+i may be represented by 

(LT+a)(x) ••= - 2 J(iy(x)A(dG0(x,y),j(y)))duy. 

an 

We will notice that application of L improves regularity, in accordance to the regularity 
results for the operator K. This can be proven in the same manner as above. 

LEMMA 6: The operator Lk XiT+l, where 0 < r < n, belongs to 

£(C*-A(«î) r+1>C*+1-A(«î) r+1) . 

With regard to the bilinear form of Definition 1 c) , the operator — Lr+1 is the adjoint of our 
previously defined operator KT, i.e. K+ = —Lr+[. Each operator L equals a composition of 
a operator Κ and Hodge operators. This offers the possibility to express Neumann problems 
for r-forms as Dirichlet problems for (n - r)-forms, where 0 < r < n. 

LEMMA 7: Let 0 < r < n. The operator -LT+l e £(Ζ,?(9Ω)Γ+ι,^(9Ω)Γ+1) is the adjoint 
of Kr e C{Ll(díiy, Ll(dQ)r) with regard to the bilinear form (.,.) given in Definition 1 c). 

Proof, Let u, ν be 1-forms and / be an ¿-form, where 0 < I < n. Then 

(38) /(u, ν) = u Λ (υ, /) + (υ, u Λ /) . 
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The differentia] forms f. and - are chosen according to e 6 Ll(dQ)r and -, 6 L'2T(d9.)r+]. For 
the relevant term (Krer. " r - i ) · «'f may write 

(39) 1-{Κτ(τ,-'τ~\) = 

= - / / Mi)A(i/( i) !(rfrG r , r( i ;y),Mî,)) ! 'v r + 1( ï))rfui ïeL.- i . 
an Λ! 

Decomposition (38) delivers the representation 

(40) W*) Λ ( i / ( i ) :(d xG r , , (1 ,0)^(1/)) = 

= - Μχ) ; ί / (χ)Λ (e/xGr,r(x5y) !er(i/)). 

It is required that ν Λ 7 = 0. Hence 

( 4 1 ) ^(#γ£Γ,7Γ+ι) = - J J((dxGrAx^y),fr{y))r/r+l{x))du:ydu!x . 
an an 

We derive from equation (7) and (38) 

(42) i<A- r f r : - , r . , ) = 

= 1 1 ( ¿ v G r - t , r - n ( X : y),7r~i(x))dcjvdu;x. 
an an 

As stated in [11. p. 133], the kernel Gr+]:r+t(x,y) is symmetric. Therefore r2{KrcT, ι) 
equals 

(43) J(v{x)Aer(x);(J v{x) A{6xGr+Ur+l{x,y),-yT+l{y))dUy)duix = 
an an 

= - ^ ( f r : ¿ r + l 7 r + l ) · 

• 

One of the constraints of the mentioned problem might be characterized as a topological 
one, since it is directly related to homological properties. This constraint V¡ = (e. 7,) can be 
formulated as follows: 

We will find Neumann fields z¡ e 2(Ω) Γ " ' fulfilling 

7i = ν Λ ¿i for each e λί{1 - , ). 

On the other hand, e is given as e = — {v. y), where y 6 ,y(Q)r. Referring to (13) and the 
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decomposition (38), we can write 

Yi = (c, 7i> = 

= J (f. ("> 7*)) άω = - J { y , u A i ' ) ( L · . 
an an 

The following result can be derived by means of the commutation rule *G = G* given in 
[11, p. 134], 

LEMMA 8: Let 0 < r < n. The operator *Ln_(r_]) equals Kr_ 1*. 

Now, we deal with the announced harmonic fields. Since each (n — r)-Neumann field can be 
mapped to an r-Dirichlet field, we may confine ourselves to Dirichlet fields. 

THEOREM 2: We presuppose that 0 < r < n. The form f € C"-A(ñ)r is extended by zero to 
the form f e L2(M)T. 

a) Let the differential form f e C"'A(Ü)r be a Dirichlet field, where Hf - 0. Then 

is a solution of the homogeneous equation 

(44) ( J - f f r _ , ) e = 0. 

b) If e is a solution of this equation, then the r-form 

(45) f{x) = fr{x) :=dj{GT-iir-l(x,y),er-i(y))ydUy 
an 

is α Ck,x(Ù)r-form on Ω, and a Dirichlet field on Ω, where the values k € Ν and 
0 < λ < 1 are arbitrary. Moreover, f has the properties 

(46) - ( f , / ) = e 

and 

(47) Hf = 0 onM. 

Proof. Kress's arguments presented in [9] and Theorem 1 will be used, 

a) For the presupposed Dirichlet field / we thus conclude that 

(48) f{x) = fT(x) = <%T-l{x), ι € Ω , 
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where the potential Ç r-i is given by 

(49) 6.-1(1) = -JGr-l,r-l(x,y)/\*yfr(y) = 
an 

an 

Therefore the assertion (44) is proven by means of Lemma 4-

b) The regularity result e e (7* ,λ(όΩ)Γ_1 is inferred from the homogeneous integrili equation 
and the regularity for the operator Kr_u cf. Lemma 3. According to the assumption (45) we 
can write 

(50) f ( x ) = fr(x) '•= l(z) , 

where 

í r - l (x ) := J(Gr-l , r - l (x ,y) , í ( í / ) )yí iw¡, · 
an 

As e belongs to 0 ,*·λ(θΩ)Γ_1, the differential form ξ is in 0 ,*+ 1 ·λ(0Ω)Γ _ ι . Furthermore, an 
r-form / ' € Ck-x(dQ)r exists which fulfils — (i/, / ' ) = e. 

Since £ r_i is a harmonic form in Μ\3Ω, the equation 

(51) δ/ = δάξ = -άδξ 

is valid in ΛΊ \9Ω. As already used above, we write the index " —" for the interior approxima-
tions and the index " + " for the exterior ones. Conclusions from Lemma 4 and the presumed 
integral equation are 

(52) K / + ) = 0 

and 

(53) / + _ / _ = „ A t . 

For the coderived form δξ, the equation 

(54) Í 6 - 1 W = ~ f ¿*G r-i,r - .( . t ,y) Λ * t f r ( y ) 
an 

is given. Since this form vanishes for r = 1, we may now confine ourselves to 2 < r < n. 
Analogously to (28) the form <5ξΓ-1 can be suitably written such that 

(55) i f r - l ( ï ) = J Gr-2,r-2(x, ») Λ * t S y f t y ) . 
an 
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Then the representation of άδξ, Lemma 4 and equation (51) yield 

(56) ν Λ 6f+ - υ Λ á/_ = 0. 

Finally the assertion is proven using the well-known arguments of [9]. 

• 

REMARK 5: Let 0 < r < η and let BT = Br(Q) be the Betti number of order r with regard 

to the set Ω. 

a) The preceding Theorem 2 can be formulated for Neumann fields as well. This can be 

shown by means of the Hodge mapping *. 

b) There exist a unique Dirichlet field on Ω which satisfies 

(57) — J(y, ν Λ ζ') düj = Υ{, for all ζ< € Ζ (Ω ) Γ _ 1 , 

an 
i = 1,..., ß„_r . 

This is a consequence of Theorem Ζ and the issue to follow. 

c) Lemma 5 shows that there is a uniquely defined solution e of Μ [I — Kr-i) which fulfils 

(58) (e, 7i> = y ¡ , for all 6 λί(Ι - *+_,), t = 1,..., Bn.T . 

As stated in [7], the number of linear independent Dirichlet (Neumann) r-fields on Ω, where 
0 < r < n, is equal to the Betti number Β„_Γ = Β η_ Γ (Ω ) (Br = ΒΤ(Ω)). Generalizing the 
results of [9], we have shown that 

(59) dimN{I - KT.,) = Β„_ Γ (Ω ) 

and 

(60) dimAf(I - LT+1) = BT(Q). 

Furthermore, Alexander's duality theorem points out the relationship of Betti numbers for 
Ω and Ω. 
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5 Dirichlet and Neumann Boundary Problems 

Our main result of this chapter is stated in Theorem 3. There the boundary value problem is 
connected with a Fredholm problem for differential forms defined on the boundary 5Ω. The 
concerning boundary problem, called Dirichlet Problem, will be presented in the subsequent 
section. 

DEFINITION 5: Dirichlet Problem 

LetO<r <n,h€ (71 ·λ(Ω)Γ + ι , g 6 σ 1 · λ (Ω) Γ " 1 and 7 6 (7> λ(9Ω)Γ + 1 . Moreover, 
is a basis of Z(Ù)T~l and Y{ are real numbers. Then a solution f G C1,A(Ü)r of the Dirichlet 
problem has to fulfil the local equations 

(61) df = h and &f = g in Ω 

—ν Λ / = γ ο η 9 Ω 

and the topological constraint 

(62) - J i f ^ M J d w ^ Y i , i = l , . . . , ß „ _ r . 

an 

Evidently there exist integrability conditions of this boundary value problem. Later we will 
realize tha t the below listed necessary conditions are sufficient ones. 

LEMMA 9: Integrability Conditions for the Dirichlet Problem 

Let 0 < r < η and let the assumptions of Definition 5 be fulßled. Then the necessary 
conditions (63)-(67) are given as follows: We presuppose that 

(63) dh = 0 in Ω 

and 

(64) Sg = 0 in Ω . 

Both forms h and g, extended by zero to L2(M)-forms, are required to be elements of 
H±L2(M)', where s equals r + 1 or r - 1, respectively. These extended forms are called 
h and g again. 

Moreover, 'we presuppose that 

(65) (Í7 — Λ Λ = 0 on dû, 

(66) J (h, y)dx + J (7, y ) άω = 0 for all y € }>(Ω)Γ+1 , 

η an 
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and 

(67) J(g,y)dx = 0 for all y e . 

η 

For τ = 1, the conditions (64) and (67) are redundant, for r = τι — 1 the conditions (63) and 

(65) can be omitted. 

T H E O R E M 3: We assume that 0 < r < η, h e (7 1 ' Α (Ω) Γ + 1 , g 6 C ^ f i ) * - ' and 

7 6 C; 'A(<9i7) r + l . The form f € 0'<χ(Ω)Γ is extended by zero to the form f e L2(M)T. 

a) Let f G 6 " , λ ( Ω ) Γ be a solution of the Dirichlet problem which satisfies Hf = 0. Then 

((x) := —(v. f ) ( x ) is a solution of the inhomogeneous integral equation 

(68) (I — Kr_i)e = ß(h,g,7), where 

ß{h,g,Ί)(Χ) ••= —2 ( i/ (x ) ,d JGr-t,r-t(x,y) Λ *sgr-,(y)-l· 

n 

6 [ J hT+¡ (y) Λ *yGr+t^+í(x, y) + J(Gr+Ur+i(x,y),jr+i(y))yd^y}), 

η an 

for x e dû, 

and the topological constraint 

(69) (e, ν Λ ¿i) = Y¡, i = 1 , . . . , Dn_T, 

is fulfilled. 

b) Vice versa, if e is a solution of the integral problem (68) and (69), and the integrability 

conditions of Lemma 9 are satisfied, then 

(70) }·.= άξ + &ς, 

where 

ξ(χ):= y " ( G r _ i , r - i ( x , y ) , í r - i ( í / ) ) » r f w v + JGr-],r-t{x,y) λ *ygr-i{y) 

an η 

and 

C(x) : = J(Gr+l,r+l{x,y),7r+dy))ydwy + J hr+i(y) Λ * ¡ , G r + i j r + i ( x , y), 

an η 

is the uniquely determined Cl'x{Q)r-solution of the Dirichlet problem on Ω. Addition-

ally, the solution f shows the property Hf = 0 on M • 
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Proof. Essential parts of the proof aure similar to the corresponding ones in [9] and [4]. On 
the other hand, some arguments differ. Therefore we will also repeat some known context. 
Since part a) of the assertion is a consequence of Theorem 1 and Lemma 4, it merely remains 
to prove part b) of the equivalence. 

The components of the differential forms ξ and ζ belong to C2,A(Ù) or C2,X(Û), respectively. 
As the extended forms h and g are elements of HLL2{M.)', where s equals r + 1 or r — 1, 
this implies 

(71) Δξ = 0 and Δ ζ = 0 in Ω 

(72) Δξ = g and Δζ = h in Ω . 

By means of equations (71) and (72) we derive convenient expressions: 

(73) 6f = -άδξ in Ω 

(74) <5/ = 5 — άδξ in Ω. 

Lemma 2 and integrability condition (65) entail that dÇ = 0 in Ω as well as in Ω. The 
differential form df thus equals Δ ( . Then equations (71) and (72) show that 

(75) df = 0 in Ω and df = h in Ω . 

Lemma 4 delivers 

(76) άξ+ - άξ. = ν Λ e and δθ+ - δθ_ = {ν, y) on 9Ω . 

This can be summarized as jump property for / : 

(77) / + - / - = l'A € + ( « / , 7) οη^Ω. 

Thus integral equation (68) implies that (j/, / + ) vanishes. 

Arguing as for the proof of Lemma 2, we obtain 

(78) i f ( l ) = J (Gr_2,r-2(X, 2/), V r - l ( y ) - (", Sr-l){v)), <H • 
an 

Therefore the form u Λ άδξ is continuous at 9Ω. 

The form f\^ is an element of Z(Û)T, which can be derived from d6f |ή = 0, (ν,}+) = 0 and 
the first equation of (75). Moreover, we obtain that 

(79) J(/+, (u, y)) du = 0 for all y e 3>(Ω)Γ+Ι, 

an 

by virtue of (65) and (77). The form / thus vanishes in Ω. 

According to (64) and (74) we infer that δάδξ\η = 0. As vanishes, the form άδξ+ vanishes 
too. We have stated in (29) that ν Λ άδξ is continuous at 9Ω. This implies that ν Λ άδξ- = 0. 
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Therefore dá£ln i s an element of 3>(Ω)Γ-1, and we conclude, by means of the integrability 
condition (67): 

(80) J (άδξ, άδξ) dx = - J (άδξ, 6 f ) dx = - J (ι/ Λ άδξ_, f ) <L· = 0 . 
η η an 

Hence the form δξ vanishes on Ω. 

The properties / = 0 and (77) entail that 

(81) —ν Λ f- =ί and - (i/,/_) = e. 

Finally we have to show that the inhomogeneous integral equation (68) is solvable. This is 
the case if 

(82) (μ, 7i> = 0 for all 7< 6 M {I -

is valid for μ = μ(/ι, g, 7). The elements oí Ν (I — K?_¡) can be expressed as differential forms 
ν Λ ii, where (z¿) is the basis of Neumann (r-l)-fields on Ω. Then some calculation delivers 

(83) (μ, 7i) = J(^zi)dw = 
m 

= 2j(SdJ GT-itr-i(x, y) A *ygr-i{y), z¡(x)) dx = 
ή « 

= —2 J J G T - l t r - i { x , y ) Λ *y9r-i(.y),Zi(x)) dx = 

ñ η 

= 2 J ( ô j G ,
r_1>r_l(x,j/)A*tfí?r_l(y),(i/,zi)(x))dc<;I = 0 , 

an ω 
where we have used that vanishes. 

Therefore the according Fredholm equation possesses a solution, and the solution is unique 
according to Remark 5. 

• 

The dual boundary value problem, denoted as Neumann Problem, can be derived from the 
Dirichlet Problem by using the Hodge mapping. 

Bereitgestellt von | De Gruyter / TCS
Angemeldet

Heruntergeladen am | 06.06.16 10:37



126 Jürgen Bolik 

References 
[1] Aubin, Th.: Fonction de Green et valeurs propres du Laplacien. J. Math. Pures Appi. 

(9) 53, 347-371 (1974). 

[2] Bers, L., John, F., Schechter, M.: Partial Differential Equations, Lectures in Applied 
Mathematics. Vol. 3A, Providence: AMS 1979. 

[3] Bolik, J., Wahl, W. von: Estimating Vu in terms of div u, curl u, either [u, u) or ι/ χ u 
and the topology. Math. Methods Appi. Sci. 20, 737-744 (1997). 

[4] Bolik, J.: Zur Lösung potentialtheoretischer Randwertprobleme A-priori-Abschät-
zungen und Zerlegungssätze für Differentialformen. Dissertation, Univ. Bayreuth 1996. 

[5] Bolik, J.: A priori estimates for differential forms with components in C , A . Analysis 17, 
227-238 (1997). 

[6] Duff, G. F. D.: On the potential theory of coclosed harmonic forms Canad. J. Math. 7, 
126-137 (1955). 

[7] Duff, G. F. D., Spencer, D. C.: Harmonic tensors on Riemannian manifolds with bound-
ary. Ann. of Math. (2) 56, 128-156 (1952). 

[8] Kress, R.: Grundzüge einer Theorie der verallgemeinerten harmonischen Vektorfelder. 
Methoden Verfahren Math. Phys. 2, 49-83 (1969). 

[9] Kress, R.: Potentialtheoretische Randwertprobleme bei Tensorfeldern beliebiger Dimen-
sion und beliebigen Ranges. Arch. Rational Mech. Anal. 47, 59-80 (1972). 

[10] Morrey, C. B.: Multiple integrals in the calculus of variations. Berlin, Heidelberg, New 
York: Springer 1966. 

[11] Rham, G. de: Differentiable Manifolds. Berlin, Heidelberg, New York, Tokyo: Springer 
1984. 

[12] Wahl, W. von: Vorlesung über das Außenraumproblem für die instationären Gleichungen 
von Navier-Stokes. In: Vorlesungsreihe des SFB 256: Nichtlineare Partielle Differential-
gleichungen 11: Bonn 1989. 

[13] Wahl, W. von: Estimating Vu by div u and curl u. Math. Methods Appi. Sci. 15,123-143 
(1992). 

Jürgen Bolik 
Ortrudweg 18 
D-95445 Bayreuth, Germany 

Bereitgestellt von | De Gruyter / TCS
Angemeldet

Heruntergeladen am | 06.06.16 10:37


