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Summary: This paper provides solutions to second order boundary value problems for differential
forms by means of the method applied in [3] for first order problems. These r-forms f ∈ C2,λ(�̄)

have prescribed conditions � f , where � is a subset of a compact Riemannian manifold and
∂� �= ∅. Further constraints are imposed by the boundary conditions and topological properties.
Such boundary value problems play a prominent role in the proof of the Hodge–Kodaira–Morrey
decomposition of L2, as demonstrated in [9]. Our approach, based on the boundary integral method,
will provide additional results, which will be essential parts of a direct proof of the corresponding
Banach space decompositions of L p.

1 Introduction
We present boundary value problems for r-forms with regard to the Laplace–Beltrami
operator �, where 0 < r < n. These �-Dirichlet problems are formally given by

� f = g in �,

ν ∧ f = ξ and ν ∧ δ f = ϑ on ∂�.

The forms g, ξ , and ϑ are assumed to satisfy particular regularity properties to provide
solutions with components in C2,λ(�̄). Here, � is a bounded set of a Riemannian manifold
M. If the form g belongs to the orthogonal complement of the L2-completion of harmonic
forms, the �-Dirichlet problem can be solved. The dimension of the space of solutions
is finite and is given by Betti numbers of the set �, which can be shown by Green’s
formula ∫

�

(� f, g) dx = −
∫

�

(δ f, δg) dx −
∫

�

(d f, dg) dx

+
∫

∂�

(ν ∧ δ f, g) dω +
∫

∂�

(ν ∧ f, dg) dω,

AMS 1991 subject classification: Primary: 31B10, 31C12, 35C15, 35Q60
Key words and phrases: Potential theory, boundary integral method, Hodge–Kodaira decomposition
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478 Bolik

where f , g have to satisfy regularity properties. For g = 0, ξ = 0, and ϑ = 0, Green’s
formula implies

d f = 0, δ f = 0,

ν ∧ f = 0.

Depending on the topology of the set �, the solution f might differ from 0. The dimension
of this space of solutions is determined by the Betti number Bn−r of �.

The above mentioned � problem is widely discussed, for instance in [9]. For vector
fields on � ⊂ R3, this problem is treated e.g. in [7] and [11]. Duff deals with a related
problem in [4] for C∞(M∂)-forms, whereM∂ is assumed to be a Riemannian manifold
with boundary. In [9], Morrey used a weak formulation of this problem in order to
find an analogy to the Hodge–Kodaira decomposition for M∂ . This approach provides
a decomposition of the Hilbert space L2(M∂).

Our concept, however, presents a direct access to decompositions for the Banach
spaces C0,λ and L p. This can be achieved by potential theoretical results, the boundary
integral method, and results presented by Weyl in [13], where an analogous boundary
value problem concerning the wave equation operator �+k2 and skew-symmetrical tensor
fields in Euclidean space is treated. For the Euclidean space, the proofs are performed
in [2].

We define forms f = fφ depending on forms φ(.) and double forms GM(·, ·). This
double form is the kernel of an operator GM de Rahm [10] has introduced. By means of
an additional projection HM, he shows that

I − HM = �GM.

For the form φ defined on ∂�, we derive the inhomogeneous integral equation(
± 1

2
I + Wr

)
φ =

(
ν� (ν ∧ f∓)

ν� (ν ∧ δ f∓)

)
,

where f− and f+ are given by approximations in � and �̂, respectively. By using the
boundary integral method, we prove that suitable operators G+

� and G−
� exist to solve the

�-Dirichlet problem and the dual �-Neumann problem for homogeneous boundary data.
Analogously to the approach in [2] for the more special case of Euclidean spaces, it is
thereupon an easy task to proof the decomposition

I − H� = dδG+
� + δdG−

�.

The operator H� is the restriction of HM to �̄.
For further investigations, it might be one of the next steps to generalize the results

of Kress in [7] to r-forms andM∂ . His method is based on a representation for vector-
fields on � ⊂ R3 reflecting both the boundary values of a �-Dirichlet problem and
a �-Neumann problem. For domains in R3, he derives the integral equations

(I − B)

(
ω∗
ε∗

)
= γ,

where B are linear operators, ω∗ are vector fields, and ε∗ are scalars.
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Boundary value problems for differential forms 479

As the Hodge–Kodaira–Morrey decomposition for vector fields in � ⊂ R3 yields
a refined Helmholtz decomposition (cf. [6, 12]), there will be a bunch of further general-
izations with regard to unbounded manifolds.

2 Definitions and preliminaries
Definition 2.1 For n ∈ N : n ≥ 2, letM =Mn be a compact, oriented n dimensional
C∞-Riemannian manifold. Let �i = �n

i ⊂⊂ M be oriented n dimensional, arcwise
connected C∞-Riemannian manifolds with �i �= 0 which satisfy the conditions

�̄i ∩ �̄ j = ∅ if i �= j and if ∂�i belongs to C∞.

The set � is the union of a finite number of �i .
Furthermore, �̂ designates the setM\�̄. The exterior normal 1-form is denoted by ν.
According to the common notation, d designates the exterior derivative, and δ the

coderivative, which can be expressed by d and the Hodge mapping ∗. For C1-forms
f = fr , we set

δ f := (−1)(r+1)n ∗ (d(∗ f )) if 0 < r ≤ n

and δ f = 0 if r = 0.

If f, h are r-forms, where 0 < r ≤ n, then the inner product ( f, h) is defined by

( f, h) = (h, f ) := 1

r!
∑

j1... jr , l1...lr

g j1l1 . . . g jrlr f Jr hLr .

For 0-forms f and h, we define ( f, h) = (h, f ) := f · h.
Now, let γ be a 1-form, f be an r-form, and � be the contraction. For 0 < r ≤ n, the

(r − 1)-form γ� f is given in local coordinates by

γ� f = f � γ :=
∑

l2<···<lr

(γ� f )l2...lr dxl2 ∧ · · · ∧ dxlr , where

(γ� f )l2...lr :=
n∑

k,l=1

γkgkl fll2 ...lr .

If f is a 0-form, then we set γ� f = f � γ := 0.
For a linear space L, the symbol Lr denotes the space of r-forms with components

in L.
We assume that k ∈ N0 and 0 < λ < 1 for spaces Ck,λ . The expression Ck,λ(∂�)r is

used as an abbreviation for Ck,λ(�̄)r |∂�. Analogously, spaces Ck are given.
For a differential form f defined on ∂�, we call ν� f the normal component of f and

ν ∧ f the tangential component of f . Subscripts ν or τ mean that the space in question
consists of elements with vanishing normal or tangential components respectively.
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480 Bolik

The spaces Lq(∂�)r , 1 ≤ q < ∞, denote the Lq-completion of C∞(∂�)r . Analo-
gously, the spaces Lq

ν(∂�)r and Lq
τ (∂�)r are defined.

By Rr,r(x, y) double forms are denoted, where

Rr,r(x, y) =
∑

i1<···<ir

∑
j1<···< jr

Ri1 ...ir , j1... jr

(
dxi1 ∧ · · · ∧ dxir

)
⊗

(
dyi1 ∧ · · · ∧ dyir

)
.

In the following sections, double forms are kernels of integral operators Ok,λ,r for in-
stance, which map r-forms with components in Ck,λ to r’-forms. Furthermore, O2,r are
L2-extensions of operators in C∞.

If the domains of theses operators are already clarified by the context, the notation
Or for such operators can also be used.

3 Boundary value problems for differential forms
In this section, we solve integral equations for differential forms in order to find solutions
to our boundary value problems and to deduce a priori inequalities. The following results
serve to prove these estimates.

By means of [10, 1], we can assert that there exist operators

G ∈ L (
Ck,λ(M)r , Ck+2,λ(M)r

)
and H ∈ L (

Ck,λ(M)r , Ck,λ(M)r
)
,

constituted by symmetric kernels Gr,r(x, y) and Hr,r(x, y), which satisfy

�Gφ = φ − Hφ for all φ ∈ C∞(M)r . (3.1)

G and H are their own metric transpose with regard to the L2 extensions and the inner
product

〈·, ·〉 : L2(∂�)r × L2(∂�)r −→ R,

given by

〈 f, g〉 :=
∫

∂�

( f(x), g(x))x dωx .

Additionally, G and H commute with ∗. Further properties are stated in the above
mentioned publications.

In order to solve our boundary value problem, we search for solutions to related
Fredholm integral equations for differential forms over ∂�. The following lemma offers
the first step to define these integral operators.

Lemma 3.1 We assume that f = fr ∈ Ck,λ
ν (∂�)r and x, y ∈ ∂�, and define operators

Uk,λ,r , Vk,λ,r , U∗
k,λ,r , and V ∗

k,λ,r as

Uk,λ,r fr(x) :=
∫

∂�

ν(x)� (ν(x) ∧ (dyGr,r (x, y), ν(y) ∧ fr(y))y) dωy,

Vk,λ,r fr(x) :=
∫

∂�

ν(x)� (ν(x) ∧ (Gr+1,r+1(x, y), ν(y) ∧ fr (y))y) dωy,
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Boundary value problems for differential forms 481

U∗
k,λ,r fr(x) :=

∫
∂�

ν(x)� (dxGr,r(x, y), fr(y))y dωy,

V ∗
k,λ,r fr(x) :=

∫
∂�

ν(x)� (Gr,r(x, y), fr(y))y dωy.

These linear operators are compact in Ck,λ
ν (∂�)r and

Uk,λ,r ∈ L
(
Ck,λ

ν (∂�)r , Ck+1,λ
ν (∂�)r

)
, Vk,λ,r ∈ L

(
Ck,λ

ν (∂�)r, Ck+1,λ
ν (∂�)r+1

)
,

U∗
k,λ,r ∈ L

(
Ck,λ

ν (∂�)r, Ck+1,λ
ν (∂�)r

)
, V ∗

k,λ,r ∈ L
(
Ck,λ

ν (∂�)r , Ck+1,λ
ν (∂�)r−1

)
.

Proof: The proof for Vk,λ,r and V ∗
k,λ,r is evident. For the assertion with regard to the

operators Uk,λ,r and U∗
k,λ,r , it is convenient to refer to the operators

Kr = Kk,λ,r ∈ L
(
Ck,λ

ν (∂�)r , Ck+1,λ
ν (∂�)r

)

and
Lr = Lk,λ,r ∈ L

(
Ck,λ

τ (∂�)r, Ck+1,λ
τ (∂�)r

)
,

given by

(Kr f )(x) := −2
∫

∂�

ν(x)� (dxGr,r(x, y), f(y))y dωy, where 0 ≤ r < n,

and

(Lr f )(x) := −2
∫

∂�

ν(x) ∧ (δxGr,r(x, y), f(y))y dωy, where 0 < r ≤ n,

cf. [3]. As the operators U∗
n and Un vanish, 0 ≤ r < n can be assumed. We take into

account that U∗
r is related to Kr by

U∗
r f = −1

2
Kr f, (3.2)

and Ur to Lr+1 by

Ur f = 1

2
ν� Lr+1(ν ∧ f ). (3.3)

Alternatively, equation (3.17) can be used. �

Referring to the operators of Lemma 3.1, we can define the operators W = Wr and
W = W∗

r , which appear in the jump conditions related to our boundary problems.

Definition 3.2 Let 0 < r ≤ n. We set

Wk1,k2,λ,r :=
(

Uk1,λ,r −Vk2,λ,r−1

0 Uk2,λ,r−1

)
and

W∗
k1,k2,λ,r :=

(
U∗

k1,λ,r 0

−V ∗
k1,λ,r U∗

k2,λ,r−1

)
.
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482 Bolik

Lemma 3.3 The operators U2,r and U∗
2,r as well as the operators V2,r and V ∗

2,r+1 are
adjoint operators, i.e. metric transposes, with respect to the inner product

〈·, ·〉 : L2(∂�)r × L2(∂�)r −→ R,

given above.

Note: As U2,r and V2,r are defined only for forms in L2
ν(∂�)r , a restricted inner product

with regard to this differential forms would suffice.

Proof: Since Un , U∗
n , Vn , and V ∗

n+1 vanish, we confine ourselves to 0 ≤ r < n.
(i) For the further steps, it is useful to mention the formulas (3.4) and (3.5). Inner products
and contractions are performed pointwise there.

If e = er , h = hr+1 and u = u1, i.e. e is assumed to be an r-form, h an (r + 1)-form,
and u a 1-form, contraction and exterior product are connected by:

(e, u� h) = (u ∧ e, h). (3.4)

Let p = pl, u = u1, and v = v1. The term p(u, v) can be decomposed into:

p (u, v) = u ∧ (v� p) + (v� u ∧ p). (3.5)

(ii) In this section, we will show that V ∗
2,r+1 is the metric transpose of V2,r . Let

f ∈ L2
ν(∂�)r and g ∈ L2

ν(∂�)r+1. It is not necessary to prove the assertion for the
case r + 1 = n, as the requirement ν� g = 0 for the n-form g implies that g vanishes.

Then, the relevant inner product can be written as∫
∂�

((Vr f )(x), g(x))x dωx (3.6)

=
∫

∂�

∫
∂�

ν(x)� (ν(x) ∧ (Gr+1,r+1(x, y), ν(y) ∧ fr (y))y, gr+1(x))x dωy dωx .

For the form µ = µ(x, y) := (Gr+1,r+1(x, y), ν(y) ∧ fr(y))y, we obtain by using
(3.4):

(ν� (ν ∧ µ), g) = (µ, ν� (ν ∧ g)). (3.7)

As ν� g = 0 and ‖ν‖ = 1, equations (3.5) and (3.7) imply

(ν� (ν ∧ µ), g) = (µ, g). (3.8)

Hence, we conclude that∫
∂�

((Vr f )(x), g(x))x dωx

=
∫

∂�

∫
∂�

((Gr+1,r+1(x, y), ν(y) ∧ fr(y))y, gr+1(x))x dωy dωx

=
∫

∂�

((∫
∂�

ν(y)� (Gr+1,r+1(x, y), gr+1(x))x dωx

)
, fr (y)

)
y

dωy

=
∫

∂�

( fr(y), (V ∗
r+1gr+1)(y))y dωy. (3.9)
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Boundary value problems for differential forms 483

This means that 〈(Vr f ), g〉 = 〈 f, (V ∗
r+1g)〉, (3.10)

and V ∗
2,r+1 is the adjoint operator of V2,r .

(iii) In the same manner, we will show that U∗
2,r is the metric transpose of U2,r .

Let f ∈ L2
ν(∂�)r and g ∈ L2

ν(∂�)r . Then,∫
∂�

((Ur f )(x), g(x)) dωx

=
∫

∂�

∫
∂�

ν(x)� (ν(x) ∧ (dyGr,r (x, y), ν(y) ∧ fr(y))y, gr(x))x dωy dωx . (3.11)

For γ = γ(x, y) := (dyGr,r (x, y), ν(y) ∧ fr(y))y, we obtain analogously to (3.8):
(ν� (ν ∧ γ), g) = (γ, g). (3.12)

The remaining part of the assertion can be proved by∫
∂�

((Ur f )(x), g(x)) dωx

=
∫

∂�

∫
∂�

((dyGr,r(x, y), ν(y) ∧ fr (y))y, gr(x))x dωy dωx

=
∫

∂�

∫
∂�

((dyGr,r(x, y), gr(x))x, ν(y) ∧ fr(y))y dωy dωx

=
∫

∂�

(∫
∂�

(ν(y)� (dyGr,r(x, y), gr(x))x) dωx, fr (y)

)
y

dωy

=
∫

∂�

( f(y), (U∗
r g)(y))y dωy. (3.13)

This yields 〈(Ur f ), g〉 = 〈 f, (U∗
r g)〉, (3.14)

and U∗
2,r is the adjoint operator of U2,r . �

The operator Kr , where 0 < r ≤ n, can be considered to be a composition of Ln−r

and the Hodge mapping:
Kr∗y = ∗x Ln−r , (3.15)

cf. [3, 5], and [8]. By calling ∗−1O∗ the topological transpose of an operator O, we can
express this property in an even more concise manner.

For the metric transpose, the following assertion is stated there: With regard to the
bilinear form

〈·, ·〉 : L2
ν(∂�)r × L2

τ (∂�)r −→ R,

given by

〈 f, g〉 :=
∫

∂�

( f(x), (ν(x)� g(x)) dωx,

where 0 ≤ r < n, −Lr+1 is the adjoint operator of Kr .
In the following lemma, the topological transposes of V ∗

n−(r+1) and U∗
n−(r+1) are

investigated.
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484 Bolik

Lemma 3.4 Let fr ∈ L2
ν(∂�)r and 0 ≤ r < n. Then,

a) Vr fr = (−1)r+1ν�
(
∗−1

x V ∗
n−(r+1) ∗y (ν ∧ fr)

)
(3.16)

b) Ur fr = −ν�
(
∗−1

x U∗
n−(r+1) ∗y (ν ∧ fr)

)
. (3.17)

Proof: a) The operators G and ∗ commute, as shown in [10]. This means that

∗−1
y Gn−(r+1),n−(r+1) = ∗xGr+1,r+1, (3.18)

which, with regard to the operator V ∗
n−(r+1), implies the relationship

(
V ∗

n−(r+1) ∗y (ν ∧ fr)
)

(x)

=
∫

∂�

ν(x)�
(
∗−1

y Gn−(r+1),n−(r+1)(x, y), (ν ∧ fr)(y)
)

y
dωy

=
∫

∂�

ν(x)� ∗x (Gr+1,r+1(x, y), (ν ∧ fr)(y))y dωy. (3.19)

From equation

ν ∧ ∗ fr = (−1)r−1 ∗ (ν� fr ), (3.20)

we thus derive

Vr fr = (−1)r+1ν�
(
∗−1

x V ∗
n−(r+1) ∗y (ν ∧ fr)

)
. (3.21)

b) The operators Lr+1 and Kn−(r+1) can be deployed in order to prove an equation
connecting Ur and U∗

n−(r+1). From (3.15) and (3.2), we obtain

∗x Lr+1(ν ∧ fr ) = Kn−(r+1)(∗y(ν ∧ fr)) = −2U∗(∗y(ν ∧ fr)). (3.22)

Additionally, (3.20) yields

∗x(ν, Lr+1(ν ∧ fr )) = (−1)rν ∧ (∗y Lr+1(ν ∧ fr)). (3.23)

Then (3.3), (3.23), and (3.22) imply

∗xUr fr = 1

2
(−1)rν ∧ (∗yLr+1(ν ∧ fr))

= −(−1)rν ∧
(
U∗

n−(r+1) ∗y (ν ∧ fr)
)

. (3.24)

This finally provides

Ur fr = −ν�
(
∗−1

x U∗
n−(r+1) ∗y (ν ∧ fr )

)
. (3.25)

�
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Boundary value problems for differential forms 485

The following theorem presents particular solutions to R((± 1
2 I + Wr)) and

R((∓ 1
2 I + W∗

r )). This result is based on ideas of H. Weyl for subsets of the manifold Rn ,
which can be found in [13].

Theorem 3.5 Let 0 < r < n and x ∈M\∂�.
We presuppose that ψ ∈ C0,λ

ν (∂�)r and ϕ ∈ C0,λ
ν (∂�)r−1, φ := (ψ, ϕ), and

fr,φ(x) := fr,(0,ϕ)(x) + fr,(ψ,0)(x),

where

fr,(0,ϕ)(x) := −
∫

∂�

Gr,r(x, y) ∧ ∗ϕr−1(y)

and

fr,(ψ,0)(x) :=
∫

∂�

dyGr,r(x, y) ∧ ∗ψr (y).

Furthermore, let ϕ∗ ∈ C0,λ
ν (∂�)r , ψ∗ ∈ C0,λ

ν (∂�)r−1, φ∗ := (ϕ∗, ψ∗), and

f ∗
r,φ∗ (x) := f ∗

r,(ϕ∗,0)(x) + f ∗
r,(0,ψ∗)(x),

where

f ∗
r,(ϕ∗,0)(x) :=

∫
∂�

(
Gr,r(x, y), ϕ∗

r (y)
)

y dωy

and

f ∗
r,(0,ψ∗)(x) := −

∫
∂�

(
dxGr−1,r−1(x, y), ψ∗

r−1(y)
)

y dωy.

The r-forms fr,φ and f ∗
r,φ∗ are harmonic differential forms, i.e.

H fr,φ = 0 and H f ∗
r,φ∗ = 0.

Additionally, φ is a solution to the inhomogeneous integral equation

(
± 1

2
I + Wr

)
φ =

(
ν� (ν ∧ f )

ν� (ν ∧ δ f )

)

and φ∗ is a solution to the inhomogeneous integral equation

(
∓ 1

2
I + W∗

r

)
φ∗ =

(
ν� d f ∗
−ν� f ∗

)
.

The upper (lower) signs are used if the approximation is performed in � (�̂) along +ν

(−ν).
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486 Bolik

Proof: For the moment, we consider the set M\∂� and presuppose that points x are
contained in it. The differential forms fr,φ and f ∗

r,φ∗ are C∞-forms here.
By means of

δxGr+1,r+1 = −dyGr,r , (3.26)

from [10], the equation

fr,(ψ,0)(x) = −
∫

∂�

(δxGr+1,r+1)(x, y) ∧ ∗ψr (y)

= −δx

∫
∂�

Gr+1,r+1(x, y) ∧ ∗ψr (y) (3.27)

follows. Hence, fr,(ψ,0) is co-exact, i.e. it can be expressed by the codifferential of an
(r + 1)-form. This and (3.26) imply that the codifferential of fr,φ ,

δ fr,φ(x) = δ fr,(0,ϕ)(x) =
∫

∂�

dyGr−1,r−1(x, y) ∧ ∗ϕr−1(y). (3.28)

Analogously, the form f ∗
r,(0,ψ∗) is exact, which can be shown by

f ∗
r,(0,ψ∗)(x) = −

∫
∂�

(
dxGr−1,r−1(x, y), ψ∗

r−1(y)
)

y dωy

= −dx

∫
∂�

(
Gr−1,r−1(x, y), ψ∗

r−1(y)
)

y dωy. (3.29)

Therefore, the exterior differential of f ∗
r,φ∗ is given by

d f ∗
r,φ∗(x) =

∫
∂�

(
dxGr,r(x, y), ϕ∗

r (y)
)

y dωy. (3.30)

From [10], we know that HG = 0 or equivalently

∫
y∈M

H(x, y) ∧ ∗y G(y, z) = 0. (3.31)

Hence, the differential forms fr,φ and f ∗
r,φ∗ are harmonic, i.e.

H fr,φ = 0 and H f ∗
r,φ∗ = 0. (3.32)

Let v be a suitable extension of ν, and let x be a point outside of the set ∂�. The
operators Ur , Vr , U∗

r and V ∗
r are analogously defined with regard to v(x) instead of ν(x).

Our jump conditions can be derived by expressing fr,φ(x) and f ∗
r,φ∗ (x) in terms of

the operators from Lemma 3.1, where x ∈ �. For the form fr,φ , the following equations
are valid:

v(x)� (v(x) ∧ fr,φ(x)) = −(Vr−1ϕ)(x) + (Urψ)(x) (3.33)
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and

v(x)� (v(x) ∧ δ fr,φ(x)) = (Ur−1ϕ)(x). (3.34)

Correspondingly, we obtain for the form f ∗
r,φ∗ :

v(x)� f ∗
r,φ∗(x) = (

V ∗
r ϕ∗) (x) − (

U∗
r−1ψ

∗) (x) (3.35)

and

v(x)� d f ∗
r,φ∗(x) = (

U∗
r ϕ∗) (x). (3.36)

The relevant jump conditions can be taken from [3] or [5]. Differential forms ur given by

ur(x) :=
∫

∂�

Gr,r (x, y) ∧ ∗yηr+1(y), (3.37)

have the properties

du∓(x) =
∫

∂�

dxGr,r(x, y) ∧ ∗yη(y) ∓ 1

2
(ν ∧ (ν� η))(x), x ∈ ∂�, (3.38)

where η ∈ C0,λ(�̄)r+1 is required for ur on � and η ∈ C0,λ(
¯̂
�)r+1 for ur on �̂. The

indices − and + mean that the approximation is performed in � and �̂, respectively. For
a detailed proof, the reader is referred to [3].

From (3.38), we easily obtain the jump property for ν� du,

(ν� du∓)(x) =
∫

∂�

((ν(x)� dxGr,r(x, y)), (ν� η)(y))y dωy

∓ 1

2
(ν� η)(x). (3.39)

Using the operator U∗, this yields

(U∗h)∓(x) = (U∗h)(x) ∓ 1

2
h(x). (3.40)

Now, we are able to formulate our integral equations with regard to ν� f ∗
r,φ∗ ,

(
ν� f ∗

r,φ∗
)

∓ (x) = ±1

2
ψ∗

r−1(x) − (
U∗

r−1ψ
∗
r−1

)
(x) + (

V ∗
r ϕ∗

r

)
(x), (3.41)

and to ν� d f ∗
r,φ∗ ,

(
ν� d f ∗

r,φ∗
)

∓ (x) = ∓1

2
ϕ∗

r (x) + (
U∗

r ϕ∗
r

)
(x). (3.42)

Beside these requirements which φ∗ has to fulfill, we are looking for constraints on φ

with regard to ν� (ν ∧ fr,φ) and ν� (ν ∧ δ fr,φ).
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488 Bolik

Let γ ∈ C0,λ(�̄)r or γ ∈ C0,λ(
¯̂
�)r , and

wr+1(x) :=
∫

∂�

Gr+1,r+1(x, y) ∧ ∗yγr(y). (3.43)

The form δw∓ is represented by

δw∓(x) =
∫

∂�

δxGr+1,r+1(x, y) ∧ ∗yγ(y)

∓ 1

2
(ν� (ν ∧ γ))(x), x ∈ ∂�. (3.44)

This implies the jump property for ν� (ν ∧ δw),

(ν� (ν ∧ δw∓))(x)

= −
∫

∂�

((ν(x)� (ν(x) ∧ dyGr,r(x, y))), (ν ∧ γ)(y))y dωy ∓ 1

2
γ(x). (3.45)

Using the operator U, we obtain

(Uh)∓(x) = (Uh)(x) ± 1

2
h(x). (3.46)

Hence, the integral equation with regard to ν� (ν ∧ fr,φ),

(ν� (ν ∧ fr,φ))∓(x) = ±1

2
ψr (x) + (Urψr)(x) − (Vr−1ϕr−1)(x), (3.47)

and to ν� (ν ∧ d f ∗
r,φ),

(
ν�

(
ν ∧ δ f ∗

r,φ

))
∓ (x) = ±1

2
ϕr−1(x) + (Ur−1ϕr−1)(x) (3.48)

are derived. �

The results of [2] for subsets of the Euclidean space Rn are included in the approach
presented here. This becomes obvious when

Vr−1, V ∗
r , ϕr−1, ψ

∗
r−1

are multiplied by (−1)r−1 in order to obtain the corresponding definitions there. The
operators

Ur,U∗
r−1, ψr , ϕ

∗
r

are equally defined in both papers.
Harmonic fields and fields with additional vanishing normal or tangential component

play an important role in the solution of our boundary value problems. Therefore, the
following definition presents some basic quantities.
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Boundary value problems for differential forms 489

Definition 3.6 (Dirichlet and Neumann fields) Let 0 < r < n. Harmonic fields f ∈
C1,λ(�̄)r which satisfy ν� f = 0 are called Neumann fieldsZ(�)r on �. Those harmonic
fields f ∈ C1,λ(�̄)r which satisfy ν ∧ f = 0 are denoted as Dirichlet fields Y(�)r on �.
The same applies with regard to �̂.

Br = Br(�) refers to the Betti number of order r with regard to the set �.
Let f ∈ L1(∂�)r , {ẑi}i=1,...,Bn−r be a basis of Z(�̂)r−1, and {ŷi}i=1,...,Br be a basis

of Y(�̂)r+1. The topological quantities Yi[ f ] and Zi[ f ] are given by

Yi [ f ] := −
∫

∂�

(
f, ν ∧ ẑi

)
dω, i = 1, . . . , Bn−r ,

and

Zi[ f ] := −
∫

∂�

(
f, ν� ŷi

)
dω, i = 1, . . . , Br .

Both values Yi [ f ] and Zi[∗ f ] differ merely by a factor c := (−1)n(r+1). This can be
shown by

Yi [ f ] := −
∫

∂�

(
∗ f, ∗

(
ν ∧ ẑi

))
dω = −

∫
∂�

(
∗ f, ∗

(
ν ∧ ∗ŷi

))
dω (3.49)

= −(−1)n−r
∫

∂�

(
∗ f, ∗ ∗

(
ν� ŷi

))
dω = cZi[∗ f ]. (3.50)

The boundary value problem for the Laplace–Beltrami operator can be uniquely solved
if a topological constraint is taken into account. In [2], such boundary value problems for
� ⊂ Rn are formulated. We will repeat this approach here in the more general context of
Riemannian manifolds.

Definition 3.7 (Dirichlet and Neumann problems for �) Let 0 < r < n.
a) The �r -Dirichlet problem: We presuppose that ξ ∈ C2,λ

τ (∂�)r+1, ϑ ∈ C1,λ
τ (∂�)r ,

Yi ∈ R and g ∈ C0,λ(�̄)r , where
∫

�

(g, y) dx =
∫

∂�

(ϑ, y) dω for all y ∈ Y(�)r (3.51)

and HgM = 0 for the extension gM ∈ C0,λ(M)r of g.
The boundary problem

� f = g in �

ν ∧ f = ξ and ν ∧ δ f = ϑ on ∂�

Yi [ f ] = Yi , i = 1, . . . , Bn−r ,

is called �r -Dirichlet problem, or explicitly �D,�(g, ξ, ϑ, {Yi |i = 1, . . . , Bn−r (�)}).
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490 Bolik

b) The �r -Neumann problem: We assume that ξ∗ ∈ C2,λ
ν (∂�)r−1, ϑ∗ ∈ C1,λ

ν (∂�)r ,
Zi ∈ R and g∗ ∈ C0,λ(�̄)r , where

∫
�

(g∗, z) dx =
∫

∂�

(ϑ∗, z) dω for all z ∈ Z(�)r (3.52)

and Hg∗
M

= 0 for the extension g∗
M

∈ C0,λ(M)r of g∗.
The boundary problem

� f ∗ = g∗ in �

ν� f ∗ = ξ∗ and ν� d f ∗ = ϑ∗ on ∂�

Zi[ f ∗] = Zi, i = 1, . . . , Br ,

is called �r -Neumann problem, or explicitly �N ,�(g∗, ξ∗, ϑ∗, {Zi |i = 1, . . . , Br(�)}).
Each �r -Neumann problem can be formulated as a �n−r -Dirichlet problem and vice

versa by means of the Hodge mapping ∗, as shown in the next paragraph.
We obtain for � applied to f ∗ := ∗ f :

g∗ = � f ∗ = �∗ f = ∗� f = ∗g, (3.53)

and for the boundary values

ξ∗ = ν� f ∗ = ν� ∗ f = (−1)r ∗ (ν ∧ f ) = (−1)r ∗ ξ (3.54)

and

ϑ∗ = ν� d f ∗ = ν� d ∗ f = (−1)r−1ν� (∗δ f ) = ∗ϑ. (3.55)

For the integrability condition one can easily infer
∫

�

(g, y) dx =
∫

�

(
∗−1g∗, ∗−1z

)
dx =

∫
�

(g∗, z) dx =
∫

∂�

(ϑ∗, z) dω

=
∫

∂�

(
∗−1ϑ∗, ∗−1z

)
dω =

∫
∂�

(ϑ, y) dω. (3.56)

The conditions Yi [ f ] = Yi and Zi[ f ∗] = Zi are called topological conditions. It
is convenient to express our �r -problems by operator equations, where the boundary
conditions are included, but the topological conditions are excluded. Then, our Dirichlet
and Neumann problems define �r -Dirichlet and �r -Neumann operators, respectively.
The dimension of the �r -Dirichlet operator’s kernel is equal to Bn−r , and the dimension
of the �r -Neumann one is correspondingly equal to Br .

We will show that the �r -Dirichlet and �r -Neumann problems can be solved, and
that these solutions are uniquely.
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Theorem 3.8 Let 0 < r < n, 0 < λ < 1, g ∈ C0,λ(�̄)r , ξ ∈ C2,λ
τ (∂�)r+1,

ϑ ∈ C1,λ
τ (∂�)r , g∗ ∈ C0,λ(�̄)r , ξ∗ ∈ C2,λ

ν (∂�)r−1, and ϑ∗ ∈ C1,λ
ν (∂�)r .

Then the according solutions of the Dirichlet problem

�D,�(g, ξ, ϑ, {Yi |i = 1, . . . , Bn−r (�)})
and the Neumann problem

�N ,�(g∗, ξ∗, ϑ∗, {Zi |i = 1, . . . , Br(�)})
belong to C2,λ(�̄)r . Furthermore, these solutions are uniquely determined.

Proof: The proof with regard to � ⊂⊂ Rn , n > 2, can be taken from [2]. Here we will
generalize it and adapt it to the assumptions of this theorem.

Green’s formula implies that solutions can differ merely by Dirichlet fields. But the
only Dirichlet r-field with vanishing values Yi is the null r-form.

As HgM = 0 for the extension gM ∈ C0,λ(M)r of g is presupposed, a differential
form fM := GgM ∈ C2,λ(M)r exist, which fulfills

� fM = gM . (3.57)

Instead of the original problem

�D,�(g, ξ, ϑ, {Yi |i = 1, . . . , Bn−r(�)}),
we may confine our task to solve

�D,�(0, ξ̃, ϑ̃, {Ỹi |i = 1, . . . , Bn−r(�)}),
where

ξ̃ = ξ − ν ∧ fM, ϑ̃ = ϑ − ν ∧ δ fM, and Ỹi = Yi − Yi [ fM]. (3.58)

The condition (3.51) provides
∫

∂�

(
ϑ̃, y

)
dω = 0 for all y ∈ Y(�)r . (3.59)

Let ξ̃ ∈ C2,λ
τ (∂�)r+1 and ϑ̃ ∈ C1,λ

τ (∂�)r be fixed. If φ satisfies

(
1

2
I + W2,1,λ,r

)
φ = θ̃ :=

(
ν� ξ̃

ν� ϑ̃

)
, (3.60)

then fφ |� is a solution of �D,�(0, ξ̃, ϑ̃, {Yi |i = 1, . . . , Bn−r(�)}), where Yi = Yi[ fφ |�].
We set �∗ ∈ �(M,�r T∗(M)), ζ∗ ∈ �(M,�r−1T∗(M)), and

ρ∗ :=
(

�∗
ζ∗

)
.
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492 Bolik

Fredholm theory shows that

θ̃ ∈ R
(

1

2
I + W2,r

)
if

∫
∂�

(θ̃, ρ∗) dω = 0 for all ρ∗ ∈ N
(

1

2
I + W∗

2,r

)
. (3.61)

Since ρ∗ ∈ N
(1

2
I + W∗

2,r

)
, the assigned form f ∗

θ∗ |
�̂

belongs to

�N ,�̂
(0, 0, 0, {Zi |i = 1, . . . , Br(�̂)}).

Hence, f ∗
ρ∗ is a Neumann field in �̂.

From equation (3.30) and

(
1

2
I + U∗

2,r

)
�∗ = 0, (3.62)

we conclude that d f ∗
ρ∗ |� is a Dirichlet field.

As � f ∗
ρ∗ = 0, the condition

∫
∂�

(
ν� d f ∗

ρ∗, ẑ
)

dω = 0 for all ẑ ∈ Z(�̂)r (3.63)

follows. Additionally, [8], Satz 7.2 and [3], Theorem 2, yield

−ν� d f ∗
ρ∗ = ρ∗. (3.64)

This, together with (3.63) implies that �∗ = 0 and thus ζ∗ ∈ N
(1

2
I + U∗

2,r−1

)
.

Since the equation

∫
∂�

(ν� ϑ̃, ζ∗) dω = 0 for all ζ∗ ∈ N
(

1

2
I + U∗

2,r−1

)
(3.65)

corresponds to

∫
∂�

(ϑ̃, y) dω = 0 for all y ∈ Y(�)r , (3.66)

and the integrability condition (3.51) can be taken into account, the Dirichlet problem

�D,�(g, ξ, ϑ, {Yi |i = 1, . . . , Bn−r (�)})

has a unique solution in C2,λ(�̄)r .
The Neumann and the Dirichlet problem are connected to each other by the Hodge

mapping. �
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