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Boundary value problems for differential forms
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Summary: This paper provides solutions to second order boundary value problems for differential
forms by means of the method applied in [3] for first order problems. These r-forms f e C2M(Q)
have prescribed conditions A f, where Q is a subset of a compact Riemannian manifold and
92 # (. Further constraints are imposed by the boundary conditions and topological properties.
Such boundary value problems play a prominent role in the proof of the Hodge—Kodaira—Morrey
decomposition of L2, as demonstrated in [9]. Our approach, based on the boundary integral method,
will provide additional results, which will be essential parts of a direct proof of the corresponding
Banach space decompositions of L P.

1 Introduction

We present boundary value problems for r-forms with regard to the Laplace—Beltrami
operator A, where 0 < r < n. These A-Dirichlet problems are formally given by

Af =ginQ,

vAf =& andvAdsft =1 onoQ.

The forms g, &, and ¢ are assumed to satisfy particular regularity properties to provide
solutions with components in C>*(Q). Here, €2 is a bounded set of a Riemannian manifold
M. If the form g belongs to the orthogonal complement of the L2-completion of harmonic
forms, the A-Dirichlet problem can be solved. The dimension of the space of solutions
is finite and is given by Betti numbers of the set 2, which can be shown by Green’s
formula

/(Af,g)dx = —/(5f,ag)dx—/(df,dg)dx
Q Q Q

+ (V/\Sf,g)da)+/ (v A f,dg) do,
aQ aQ
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478 Bolik

where f, g have to satisfy regularity properties. For g = 0, £ = 0, and ©» = 0, Green’s
formula implies

df =0, §f =0,
vA f=0.

Depending on the topology of the set 2, the solution f might differ from 0. The dimension
of this space of solutions is determined by the Betti number B,_; of .

The above mentioned A problem is widely discussed, for instance in [9]. For vector
fields on © < R, this problem is treated e.g. in [7] and [11]. Duff deals with a related
problem in [4] for C*°(M)-forms, where M3 is assumed to be a Riemannian manifold
with boundary. In [9], Morrey used a weak formulation of this problem in order to
find an analogy to the Hodge—Kodaira decomposition for M. This approach provides
a decomposition of the Hilbert space L2(M3).

Our concept, however, presents a direct access to decompositions for the Banach
spaces C%* and L P. This can be achieved by potential theoretical results, the boundary
integral method, and results presented by Weyl in [13], where an analogous boundary
value problem concerning the wave equation operator A +k? and skew-symmetrical tensor
fields in Euclidean space is treated. For the Euclidean space, the proofs are performed
in [2].

We define forms f = f4 depending on forms ¢(.) and double forms G (-, -). This
double form is the kernel of an operator G 4 de Rahm [10] has introduced. By means of
an additional projection H, he shows that

| — Hy = AGpm.
For the form ¢ defined on 92, we derive the inhomogeneous integral equation
1 va(wA fg)
-1 +W o= ’

( 2t r)"5 <v_.(v/\5f¢)
where f_ and f, are given by approximations in Q and , respectively. By using the
boundary integral method, we prove that suitable operators Gg and G, exist to solve the
A-Dirichlet problem and the dual A-Neumann problem for homogeneous boundary data.

Analogously to the approach in [2] for the more special case of Euclidean spaces, it is
thereupon an easy task to proof the decomposition

| — Ho = dsG{; + 8dGg.

The operator Hg is the restriction of H 4 to 2.

For further investigations, it might be one of the next steps to generalize the results
of Kress in [7] to r-forms and M. His method is based on a representation for vector-
fields on @ < R3 reflecting both the boundary values of a A-Dirichlet problem and
a A-Neumann problem. For domains in R3, he derives the integral equations

-8 (%) =r

where B are linear operators, w* are vector fields, and ¢* are scalars.
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Boundary value problems for differential forms 479

As the Hodge—Kodaira—Morrey decomposition for vector fields in @ ¢ R? yields
a refined Helmholtz decomposition (cf. [6, 12]), there will be a bunch of further general-
izations with regard to unbounded manifolds.

2 Definitions and preliminaries

Definition 2.1 Forn e N: n > 2, let M = M" be a compact, oriented n dimensional
C*-Riemannian manifold. Let Qj = Q' cC M be oriented n dimensional, arcwise
connected C°°-Riemannian manifolds with €2; # 0 which satisfy the conditions

QiNQj =0 ifi #]andif 3Q; belongsto C™.

The set 2 isthe union of a finite number of ;.
Furthermore, 2 designatesthe set M\ 2. The exterior normal 1-formis denoted by v.
According to the common notation, d designates the exterior derivative, and § the
coderivative, which can be expressed by d and the Hodge mapping . For Cl-forms
f = fr, weset

§f = (D™D dxf)) if0<r<n

and 6f =0 if r=0.

If f,harer-forms, where0 < r < n, thentheinner product ( f, h) is defined by

(f,h):(h,f)::rl > gt gt n,.

]
D jtedrs e

For O-forms f and h, we define (f, h) = (h, f) ;= f - h.
Now, let y bea 1-form, f bean r-form, and . be the contraction. For 0 < r < n, the
(r — 1)-formy . f isgivenin local coordinates by

yaof="Ffiy = Z (v f)|2,,,|rdx'2 A--- AdXT, where

lp<-o<ly

n
> g finy,

k=1

(6720 i) [P

If fisaO-form thenwesety. f = fuy :=0.

For a linear space L, the symbol L" denotes the space of r-forms with components
inL.

We assume that k € Ng and 0 < A < 1 for spaces C¥*. The expression CK*(3Q)" is
used as an abbreviation for Ck* ()", Analogously, spaces CK are given.

For a differential form f defined on 92, we call v f the normal component of f and
v A f the tangential component of f. Subscripts v or © mean that the space in question
consists of elements with vanishing normal or tangential components respectively.
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480 Bolik

The spaces L4(92)", 1 < q < oo, denote the L9-completion of C*(92)". Analo-
gously, the spaces L{(3Q)" and L?(32)" are defined.
By R (X, y) double forms are denoted, where

ReY)= > Y Ry (dxi1 NN dxif) ® (dyi1 NN dyif) .
iy <<ir j1<—<jr

In the following sections, double forms are kernels of integral operators O, r for in-
stance, which map r-forms with componentsin C%* to r’-forms. Furthermore, Oy are
L 2-extensions of operatorsin C>.

If the domains of theses operators are already clarified by the context, the notation
O for such operators can also be used.

3 Boundary value problems for differential forms

In this section, we solve integral equations for differential forms in order to find solutions
to our boundary value problems and to deduce a priori inequalities. The following results
serve to prove these estimates.

By means of [10, 1], we can assert that there exist operators

G e £ (CHHM)", C 2 (M) and H e £ (CRH(M)T, CR* (M),
constituted by symmetric kernels Gy r (X, y) and H; ; (X, y), which satisfy
AGop =¢ — Hep forall € C°(M)". (3.1)

G and H are their own metric transpose with regard to the L2 extensions and the inner
product

() : L23Q)" x L2(3)" — R,
given by
(f,0 :=/ (f(x), 9(X))x dowx.
0

Additionally, G and H commute with x. Further properties are stated in the above
mentioned publications.

In order to solve our boundary value problem, we search for solutions to related
Fredholm integral equations for differential forms over 9<2. The following lemma offers
the first step to define these integral operators.

Lemma 3.1 Weassumethat f = f; € C';J(asz)f and x, y € 9€2, and define operators
Uk,)\,ry Vk,)\,ry Uzk,ry a-nd VIZ)LJ as

Ukr fr () == /asz V()1 (V(X) A (dyGrr (X, ), (W) A fr (Y))y) doy,

Vierr fr () == /asz V()1 (V) A (Grisr41(X, Y), v(Y) A fr (Y)y) doy,
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Boundary value problems for differential forms 481

Ulzk,)\,r fr(x) = /(;Q v(X) 1 (A Gy r (X, Y), fr()/))y dwy,

Vlix,r fr(x) == fm v(X)2 (Grr(X, y), fr(y))y doy.
These linear operators are compact in C,'f’A ()" and
Uior € £ (C‘;’A(asz)f, C‘;“’A(asz)f) . Vior €L (C‘;J(asz)f, C‘;+“(asz)f+1) :
Uiy, €L (C';J(asz)', C';“J(asz)f) . Ve el (C';’k(asz)f, C';“’k(asz)f*l) .

Proof: The proof for Vi¢, r and V, | is evident. For the assertion with regard to the
operators Uy - and Uy, ., it is convenient to refer to the operators

Ki =Ky € £ (c‘ﬂ(asz)f, c‘§+“(asz)f)

and
Ly = Lior € £ (c‘;’k(asz)f, c‘;*lﬂk(asz)') ,
given by
(Kr f)(X) = —2/ U(X)J (der’r(X, y), f(y))y d(,()y, where 0 <r<n,
aQ
and

(Ly F)(X) := —2/ V(X) A (8xGrr (X, Y), f(y))ydwy, where 0 <r <n,
aQ

cf. [3]. As the operators U;s and Up vanish, 0 < r < n can be assumed. We take into
account that U;" is related to K, by

Usf = —%Kr f, (3.2)

and U, to Ly41 by
U f = % vaLlrpa(wa ). (3.3)
Alternatively, equation (3.17) can be used. m]

Referring to the operators of Lemma 3.1, we can define the operators W = W; and
W = W", which appear in the jJump conditions related to our boundary problems.

Definition 3.2 Let0 <r < n. We set

Ukl Ar —sz Ar—1
W, ko ar 1= ( and

0 Ukz,)\,l’fl
*
lek o = ( Ukl,)x,r 0 )
Ko AT T\ * :
! Vkl,k,r Ukz,)\,l’fl
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482 Bolik

Lemma 3.3 The operators U and U; . as well as the operators Vo, and V5, | are
adjoint operators, i.e. metric transposes, with respect to the inner product

()1 L209)" x L2(0Q)" — R,
given above.

Note: As Uz and V-, are defined only for forms in Lﬁ(asz)', a restricted inner product
with regard to this differential forms would suffice.

Proof: Since Un, Uy, Vi, and V7, ; vanish, we confine ourselvesto 0 <r < n.
(i) For the further steps, it is useful to mention the formulas (3.4) and (3.5). Inner products
and contractions are performed pointwise there.

Ife=¢g,h=hy11andu = uy, i.e. eisassumed to be an r-form, h an (r 4+ 1)-form,
and u a 1-form, contraction and exterior product are connected by:

(e,ush) = (uAeh). (3.4)
Let p= p, U =ug, and v = v1. The term p(u, v) can be decomposed into:
p(u,v) =UA (vap)+ (vau A p). (3.5)

(ii) In this section, we will show that V', is the metric transpose of V5. Let

f e L2(3Q)" and g € L2(d)"*1. It is not necessary to prove the assertion for the
caser + 1 = n, as the requirement v g = 0 for the n-form g implies that g vanishes.
Then, the relevant inner product can be written as

/ (Vi (%), gO0)x daox (3.6)
02

B /asz /asz v(X)1 (VOO A (Grigr+1(X, ¥), V(W) A fr (1) Gr+1(X))x dovy deo.

For the form u = p(X, y) := (Gryrr+1(X, ¥), v(Y) A fr(y))y, we obtain by using
(3.4):

(Wi A W, 9 = (. viA Q). (3.7)
Asv.g=0and |v| = 1, equations (3.5) and (3.7) imply
a(wAp, 9 =(u 9. (3.8)

Hence, we conclude that

/ ((Vr 1)(X), (X)) x Aoy
IR

- /B ] (@rearsa0 ). v A Ty G2 (0Dl

_ / (( / v<y>J<Gr+1,r+1<x,y),gr+1<x>)xdwx>,ﬁ(y)) doy
02 02

y
= /agz(fr (), (V1011 (Y)y doy. (3.9)
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Boundary value problems for differential forms 483

This means that
(M), 0)=(f,(\'10), (3.10)

and V5, , is the adjoint operator of V.

(iii) In the same manner, we will show that U5, is the metric transpose of Uy .
Let f € L2(3Q)" and g € L2(d2)". Then,

/ ((Ur )(X)., 9(x)) daoy
02

= /asz /asz v(X) 1 (V(X) A (AyGrr (X, Y), v(Y) A Tr(¥)y, O (X)x dwy dewx. (3.11)

Fory = y(X,y) := (dyGrr (X, ¥), v(y) A fr(¥))y, we obtain analogously to (3.8):
(UJ (U A )/)s g) = (V’ g) (312)
The remaining part of the assertion can be proved by

/ ((Ur £)(%), 9(x)) dowx

Q2

- / / ((AyGr.r (X, Y). v(Y) A fr (). G (X)) Gooy Gy
02 J o2

= / / ((dyGrr (X, ), 9r (X))x, v(Y) A fr(y))y dowy dwx
0Q J IR

= / (/ (w(Y) s (dyGrr (X, ¥), Or (X))x) dox, fr (y)) dwy
02 02

y
= fm( f(y). (UF9)(y)y doy. (3.13)

This yields \
((Urf), 9 = (T, Ur9), (3.14)
and Uy, is the adjoint operator of Uy . |

The operator Ky, where 0 < r < n, can be considered to be a composition of L,
and the Hodge mapping:

Kr*y == *XLn_r, (315)
cf. [3, 5], and [8]. By calling =1 Ox the topological transpose of an operator O, we can
express this property in an even more concise manner.

For the metric transpose, the following assertion is stated there: With regard to the
bilinear form

() s L209)" x L2(3Q)" — R,
given by

(f.9) :=/ (f(), (v(X¥) 2 9(x)) dooy,
o)

where 0 <r < n, —L,4 is the adjoint operator of K.
In the following lemma, the topological transposes of V:_(r+1) and U*

) ) n—(r+1) ar€
investigated.
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484 Bolik

Lemma 3.4 Let f, € L2(32)" and0 <r < n. Then,

8) Ve fr = (=1 oy (5 Vi) y 04 ) (3.16)
b) Urfr = —vo (5107 any 5y 04 1)) (3.17)

Proof: a) The operators G and « commute, as shown in [10]. This means that
5 Gn_(r+1).n—(+1) = *xGriLr41. (3.18)

which, with regard to the operator Vr’f_(r L1y

implies the relationship
(v;_(m) sy (VA f,)) (X)

= / V(X) (*glGn—(r-&-l),n—(r-&-l)(X: y), (WA fr)(Y)) dC!)y
0 y

- /B V00 5 G100, (A ) () . (3.19)
From equation
At = (=D (o fr), (3.20)
we thus derive
Vi f = (—1) 1, (*;1v,f_(r L Fy (WA f,)) . (3.21)

b) The operators L1 and Kn—«+1y can be deployed in order to prove an equation
connecting Uy and U;L(r+l)' From (3.15) and (3.2), we obtain
sxLrri(W A fr) = Kn_giny ey A fr)) = —2U(xy(v A Fr)). (3.22)

Additionally, (3.20) yields
#x(V, Lyt (WA fr)) = (=D'v A CGeyLrp1(w A ). (3.23)

Then (3.3), (3.23), and (3.22) imply

1 r
wxUr fr = E(_l) VA Grylryr(v A fr))

= DA (Ui 5y 0 A ). (3.24)

This finally provides
Ur fr = =0 (35 Ui gy 3y 0 A ) (3.25)
O

“Jap|oy JybuAdoa ayy Aq uoissiwiad uapLm yym pamojje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoK 1o} ajoie siyy aynquisip pue Adoa Aew no, me| JybAdoo uewas Aq pajoajoid si ajane siyj



Boundary value problems for differential forms 485

The following theorem presents particular solutions to R((:l:%l + W;)) and

R((;% I +W)). This result is based on ideas of H. Weyl for subsets of the manifold R",
which can be found in [13].

Theorem 3.5 Let0 <r < nandx € M\9R2.
We presuppose that y € CO*(3Q)" and ¢ € C2*(82)" 1, ¢ := (V, ¢), and

fre(X) == fr. 0,0 (X)) + Tr.(p,00(X),
where
fr 0.0 = — /a G ) Ak (y)
and

fr (00 (X) == fm dyGr r (X, ¥) A Y (Y).
Furthermore, let ¢* € CO4(3Q)", y* € CO*(BQ) 1, ¢* := (¢, ¥*), and
frlg 00 = T 000 + 7 0,y ),
where
frf(w*,O)(X) = /{;Q (Gr,r(xy y), ¢:<(Y))y dC!)y
and
frT(O,x//*)(X) == flm (der—l,r—l(X, ), 1//?‘_1(3/))), dwy.
Ther-forms f; 4 and f;f o are harmonic differential forms, i.e.
Additionally, ¢ is a solution to the inhomogeneousintegral equation
1 va(wA )
+ -1 +W =
( 7' T r)‘b (UJ(Maf))
and ¢™ is a solution to the inhomogeneousintegral equation

(ehrw)o= (00

The upper (lower) signs are used if the approximation is performed in Q (€2) along +v
(=v).
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486 Bolik

Proof: For the moment, we consider the set M\9d$2 and presuppose that points x are
contained in it. The differential forms f 4 and fr*w are C*°-forms here.
By means of

SxGr+1,r+l = —dyGr,r, (3-26)
from [10], the equation
fr. .00 (X)) = — fm((SxGr—kl,Hl)(X’ Y) A Y (Y)
— 5 / Gratrsn(X Y) AU (y) (3.27)
a0

follows. Hence, f; 4,0y Is co-exact, i.e. it can be expressed by the codifferential of an
(r + 1)-form. This and (3.26) imply that the codifferential of f; 4,

8t () =681 0,p)(X) = / dyGr_1,r—1(X, ) A *@r_1(y). (3.28)
Q2

Analogously, the form f*

. (0,4%) is exact, which can be shown by

frf(o)w*)(x) = - f(m (der—l,r—l(Xa y), ‘ﬁr*_l(Y))y dewy

= 0 [ (Grar1t . v 1), doy, (3.29)
Therefore, the exterior differential of fr”j¢* is given by

From [10], we know that HG = 0 or equivalently

/ H(X, y) A xy G(y, 2) = 0. (3.31)
yeM

Hence, the differential forms f; 4 and f* . are harmonic, i.e.
Hf o =0 and Hfy =0. (3.32)

Let v be a suitable extension of v, and let x be a point outside of the set 92. The
operators Uy, V;, U and V/* are analogously defined with regard to v(x) instead of v(x).

Our jump conditions can be derived by expressing f 4 (x) and ;. (x) in terms of
the operators from Lemma 3.1, where x € Q. For the form f; 4, the following equations
are valid:

v(X) 1 (V(X) A fr g (X)) = —(Vr—19)(X) + (Ur ) (X) (3.33)
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Boundary value problems for differential forms 487
and
v(X)a (V(X) A S p(X) = (Ur—19)(X). (3.34)
Correspondingly, we obtain for the form frT¢*:
V(01 g 00 = (V") (0 — (U1 97) (%) (3.35)
and
V() dff 4 () = (Ufe*) (). (3.36)

The relevant jJump conditions can be taken from [3] or [5]. Differential forms u; given by

Ur (X) := /BQ Grr (X, Y) A xynri1(y), (3.37)

have the properties
1
dux(x) = f dxGrr (X, Y) A skyn(y) F > WA (van))(X), X € 922, (3.38)
a0

where € CO*($)™t1 is required for u; on € and n € C%* ()™t for u; on 2. The
indices — and + mean that the approximation is performed in 2 and 2, respectively. For
a detailed proof, the reader is referred to [3].

From (3.38), we easily obtain the jump property for v du,

(vadug)(x) = /BQ((V(X)J dxGr.r (X, ¥)), (vam)(Y))y dowy
F 5 ). (339)
Using the operator U*, this yields
U200 = U0 F 5 hex. (3.40)

Now, we are able to formulate our integral equations with regard to v_ fr*j¢*,

1
(m fﬁfd)*); 00 = 25 Y100 — (Ufg7y) 00 + (Vo) (0. (3.41)

andto v df? .,

1
(vadfiipe) 00 =5 0700 + (U7 e0) 0. (3.42)

Beside these requirements which ¢* has to fulfill, we are looking for constraints on ¢
with regard to vu (v A fr ) and va (v A ST g).
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488 Bolik

Lety € COM(Q) ory € COM(Q)', and
wr41(X) = / Gritr+1(X Y) A #y¥r (). (3.43)
90

The form Sw= is represented by

S (x) = fa 8Graa 100 Y) A sy )
F % oW APYHX), XeoiN. (3.44)
This implies the jump property for v (v A Sw),
(v (v A Sws))(X)
= - fa Q((v(X)J (W) A dyGrr(X, Y)). (v A Y)(Y)ydoy F %y(X)- (3.45)
Using the operator U, we obtain
(Uh)z(x) = (Uh)(x) % h(x). (3.46)

Hence, the integral equation with regard to v (v A fr g),

1
Wa A frp)z(X) = iﬁ Yr (X) + (Ur ) () — (Mr—19r-1)(X), (3.47)
andto vy (v A df;f¢),
1
(v (vns fr”j(l,)):F (%) = £5 gr-100 + Ur-10r-1)(¥) (3.48)
are derived. ]

The results of [2] for subsets of the Euclidean space R" are included in the approach
presented here. This becomes obvious when

Vl'—lv Vr*v Or—1, Ip;k_l
are multiplied by (—1)"~1 in order to obtain the corresponding definitions there. The
operators

Ur, Ur*—l’ Yr, (,0;(k

are equally defined in both papers.

Harmonic fields and fields with additional vanishing normal or tangential component
play an important role in the solution of our boundary value problems. Therefore, the
following definition presents some basic quantities.
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Definition 3.6 (Dirichlet and Neumann fields) Let 0 < r < n. Harmonic fields f €
CL*(Q)" whichsatisfy v f = 0 are called Neumannfields 2 ()" on Q. Those harmonic
fields f € C1*(Q)" which satisfy v A f = 0 are denoted as Dirichlet fields Y(22)" on .
The same applieswith regard to <2.

Br = B (Q) refersto the Betti number of order r with regard to the set Q2.

Let f € LY(0Q)", {Z}i—1._B, , beabasisof Z(Q)"1, and {§/}i—1... g beabass
of () +1. Thetopological quantities Y;[ f] and Z;[ f] are given by

Yi[f]:z—/ (f,qui) dw. i =1.....Bnr.
9

and

Zi[f]:z—/ (f,luf/i) do, i =1,...,B.
9

Both values Y;[ f]and Z; [« f] differ merely by a factor ¢ := (—1)""+D_ This can be
shown by

Yi[f] = —/BQ (*f,*(qui)) dw:—/aQ (*f,*(uA*g/‘)) do  (3.49)
= (=) fm (*f,** (uJ yi)) do = cZi[%f]. (3.50)

The boundary value problem for the Laplace—Beltrami operator can be uniquely solved
if a topological constraint is taken into account. In [2], such boundary value problems for
Q c R" are formulated. We will repeat this approach here in the more general context of
Riemannian manifolds.

Definition 3.7 (Dirichlet and Neumann problems for A) Let0 <r < n.
a) The A,-Dirichlet problem: e presuppose that £ € C2*(3Q)' !, 9 € CL*(3Q)",
Y, e Rand g € CO*(Q)", where

/ (g, y)dx = / @, y)dw forallye Y(Q)' (3.51)
Q Q2

and Hg,, = 0 for the extension g, € C%*(M)" of g.
The boundary problem

Af=ginQ

vA =& andvAdsf = onaR

Yilfl=Yi,i=1,...,Bn,

iscalled A;-Dirichlet problem, or explicitly Ap (g, & 0, {Yili =1, ..., Bh_r ()}).

“Jap|oy JybuAdoa ayy Aq uoissiwiad uapLm yym pamojje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoK 1o} ajoie siyy aynquisip pue Adoa Aew no, me| JybAdoo uewas Aq pajoajoid si ajane siyj



490 Bolik

b) The A;-Neumann problem: We assume that £* € C2*(9Q)", »* € CL*(0Q)",
Zi e Rand g* € C%*(Q)", where

/(g*, 2) dx :/ (®*,2)dw forallze Z(Q)" (3.52)
Q a0

and Hg;, = 0 for theextension g}, € CO*(M)' of g*.
The boundary problem

Af*=g"inQ
vof*=¢&"andvidf* = 9" onoQ

Z|[f*] = Zlv I = 17"'1 BI’:
iscalled Ay-Neumann problem, or explicitly Ay o(g*, £, 0%, {Zili =1, ..., B (Q)}).

Each Ar-Neumann problem can be formulated as a An—-Dirichlet problem and vice
versa by means of the Hodge mapping =, as shown in the next paragraph.
We obtain for A appliedto f* := «f:

gf=Af"=Axf =xATf = xq, (3.53)
and for the boundary values
=y ff=vaixf=CD"xWA f)=(=1)" & (3.54)
and
9 =vodf* = vadx f = (=) hos (x5 f) = *0. (3.55)

For the integrability condition one can easily infer

f(g, y)dx = / (*flg*,**lz) dx:f(g*, z)dx=/ (0%, 2) dw
Q Q Q 02

= / (**lﬁ*,**lz) do = / (@, y) do. (3.56)
I I

The conditions Yi[f] = Y; and Z;[f*] = Z; are called topological conditions. It
is convenient to express our Ar-problems by operator equations, where the boundary
conditions are included, but the topological conditions are excluded. Then, our Dirichlet
and Neumann problems define Ar-Dirichlet and Ar-Neumann operators, respectively.
The dimension of the A,-Dirichlet operator’s kernel is equal to By_r, and the dimension
of the Ar-Neumann one is correspondingly equal to B;.

We will show that the A,-Dirichlet and A;-Neumann problems can be solved, and
that these solutions are uniquely.

“Jap|oy JybuAdoa ayy Aq uoissiwiad uapLm yym pamojje Ajuo si asn JayjQ "Ajuo asn jeuosiad inoK 1o} ajoie siyy aynquisip pue Adoa Aew no, me| JybAdoo uewas Aq pajoajoid si ajane siyj



Boundary value problems for differential forms 491

Theorem38 Let 0 <1 < n, 0 < » < 1, g € COQ), & € C2*(Q)"H,
9 € CLABQ)", g* € COMQ)", &% € C2*(3)" 1, and v* € CL*(3Q)".
Then the according solutions of the Dirichlet problem

A’D,Q(gs é: ‘191 {YI || = 17 ceey anr (Q)})
and the Neumann problem
AN,Q(g*s 5*7 0*7 {ZI || = 17 D) Br(Q)})

belong to C2*(Q)" . Furthermore, these solutions are uniquely determined.
Proof: The proof with regard to @ cc R", n > 2, can be taken from [2]. Here we will
generalize it and adapt it to the assumptions of this theorem.

Green’s formula implies that solutions can differ merely by Dirichlet fields. But the
only Dirichlet r-field with vanishing values Y; is the null r-form.

As Hg,, = 0 for the extension g,, € C%*(M)" of g is presupposed, a differential
form f,, := Gg,, € C>*(M)" exist, which fulfills

Af, =g, (357)
Instead of the original problem
Ap.o(9, & 0, {Yili =1,..., Bnr ()}),
we may confine our task to solve
Ap.o(0,& 9, (Yili =1,..., Bar(Q)),
where
E=t—vAf,, 0=0—-vAdsf,, andV =Y - Yi[f,]. (3.58)

The condition (3.51) provides
/ (9,y)do =0 forally e Y(Q)". (3.59)
a0

Let & € C2*(3)' 1 and ¥ e CL*(3Q2)" be fixed. If ¢ satisfies

1 . wé
(5 | +w2,1,“)¢ —§= (M 5), (3.60)

then fylq is asolution of Ap o(0, &, 9, {Yili = 1, ..., Ba_r(Q)}), where Yi = Yi[ fyiq].
We set o* € T(M, A'T*(M)), ¢* € T(M, AT 1T*(M)), and

«._ [0
e (5).
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Fredholm theory shows that

- 1 . 1
be R(E | +W2,r) if / (®, p*) do = 0 for all p* 6N<§ | +W§,r>- (3.61)
a2

1
Since p* € N(E I+ W;‘,r), the assigned form f..|4 belongs to
Ay 5(0,0,0.{Zili =1,.... B.(Q)).

Hence, f. is a Neumann field in Q.
From equation (3.30) and

1

we conclude that d f;* I is a Dirichlet field.
As A f;; = 0, the condition

/ (mdf;;, 2) do=0 forallze Z(Q)f (3.63)
a0
follows. Additionally, [8], Satz 7.2 and [3], Theorem 2, yield

—vadfl = p*. (3.64)

1
This, together with (3.63) implies that o* = 0 and thus ¢* € N<§ | + u;r,l).
Since the equation

- 1
f (vu?, ) do=0 forall¢* e N <§ I+ U{rl> (3.65)
191
corresponds to

/ (0, y)dw =0 forallye Y(Q)", (3.66)

a0

and the integrability condition (3.51) can be taken into account, the Dirichlet problem
A'D,Q(gs Ss ‘191 {YI || == 17 ceey anr (Q)})

has a unique solution in C>*(Q)".

The Neumann and the Dirichlet problem are connected to each other by the Hodge
mapping. a
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